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Chapter 1 
Introduction 



The problem of reformulating conventional Hilbert-space quantum mechanics 
in terms of the classical phase space, i.e. the attempt to represent quantum 
states and observables by probability densities and functions on phase space, 
is almost as old as quantum mechanics itself and has been discussed by 
many authors. In fact, the investigations on this subject originated with 
E. P. Wigner's famous paper from 1932 and were continued by, for instance, 
J. E. Moyal (1949), J. C. T. Pool (1966), L. Cohen (1966), E. P. Wigner 
himself (1971), M. D. Srinivas and E. Wolf (1975), S. T. Ah and E. Prugovecki 
(1977a), F. E. Schroeck, Jr. (1982b), and W. Guz (1984). In this paper, 
we present a reformulation of quantum mechanics in terms of probability 
measures and functions on a general classical sample space and in particular 
in terms of probability densities and functions on phase space. The basis of 
our proceeding is the existence of so-called statistically complete observables 
and the duality between the state spaces and the spaces of the observables, 
the latter holding in the quantum as well as in the classical case. 

In order to give a preliminary impression of our subject as well as to 
review some well-known facts, we tentatively define, for simplicity for spinless 
particles with one-dimensional configuration space, a classical representation 
of quantum mechanics on phase space to be a map W i— > pw that assigns 
to each density operator W a probability density {q,p) i— > Pw{q,p) > on 
phase space and satisfies — as far as possible — the following postulates: 

(i) W I— > Pw is affine 

(ii) W H- >• Pw is injective 
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(iii) there exists a (possibly nonlinear) map A J'a assigning to each (pos- 
sibly unbounded) self-adjoint operator A in Hilbert space a real- valued 
measurable function on phase space such that for all density oper- 
ators W and all A the quantum mechanical expectation values can be 
represented according to 

trWA = j pw{q,p)fA{q,p)dqdp (1.1) 

(iv) the marginal densities of the probability densities pw coincide with the 
usual probability densities for position and momentum, respectively; 
that is, 

{q\Wq) = j pwiq,p)dp 
{p\Wp) = j pw{q,p)dq 
holds for all density operators W or, equivalently, 

tvWE'^ib) = [I^J Pw{q,p)dp'jdq (1.2) 
trWE^ib) = ^(^j pw{q.p)dq)dp (1.3) 

for all W and all Borel subsets 6 of R where E'^ and E^ are the spec- 
tral measures of the position operator Q, respectively, the momentum 
operator P. 

We emphasize that we understand the densities pw to be real probability 
densities. In Sections 7.1 and 7.3 we shall show that there exist maps W ^ 
Pw satisfying postulates (i) and (ii) and essentially also (iii). In fact, from (i) 
and (ii) it follows the existence of an assignment A^ such that Eq. (1.1) 
holds exactly for a large class of bounded self-adjoint operators A and in 
arbitrarily good physical approximation for all bounded self-adjoint operators 
(cf. Theorem 7.5); we call such maps A i— > dequantizations. Moreover, in 
some cases the dequantizations can be extended to some unbounded self- 
adjoint operators (cf. Section 7.3). 

We notice that postulate (iv) is not implied by (iii). Namely, if Eq. (1.1) 
is valid for A = E^{b), respectively, A = E^{b), then Eqs. (1.2) and (1.3) 
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contain the additional statement that fEQ{b) = XfcxiR, respectively, fEP{b) = 
XiRxfe where xb denotes the characteristic function of a Borel set B C.WC 
According to a theorem due to E. P. Wigner (1971), postulate (iv) cannot 
be satisfied; we give a proof of that theorem below. However, according to 
our reflections in Chapter 5, (iv) can be fulfilled approximately; the better 
the approximation for (1.2) is, the worse the approximation for (1.3), and 
conversely. 

Summarizing, we shall show the existence of maps W i— > pw that satisfy 
postulates (i) and (ii), (iii) essentially, and (iv) approximately. In contrast, 
the map W i— > assigning to each density operator the Wigner function 
Py^ (the upper index is to indicate the name "Wigner") fulfils all postulates 
(i) - (iv); more precisely, W h- >• p^ satisfies (i), (ii), and (iv) exactly and (iii) 
essentially in an analogous sense as before W ^ pw where, for W i— > p^f, 
the map A i— > is related to the Weyl correspondence (cf. J. C. T. Pool, 
1966; M. Hillery, R. F. O'Connell, M. O. Scully, and E. P. Wigner, 1984). 
However, as is well known, p^r is in general not nonnegative, i.e., p^ is in 
general only a pseudo-probability density (cf. R. L. Hudson, 1974). 

We now prove Wigner's theorem stating that a map W i— > pw cannot 
satisfy postulates (i) and (iv) if all pw are real probability densities. Instead 
of repeating E. P. Wigner's argumentation from his paper from 1971, we 
proceed on our conceptual lines of positive-operator-valued (POV-) measures 
etc. Assume there exists an affine map W i— > p^ > satisfying Eqs. (1.2) 
and (1.3). It follows that, for each Borel set B C ¥1^, W ^ hlw) := 
Ib Pw{Q-,p)d(ldp is an affine functional fulfiUing < Ib{W) < 1. This imphes 
that Ib can be represented by a bounded self-adjoint operator F(B), < 
F{B) < 1, according to Ib{W) = tr WF{B). Hence, 

tj:WF{B)= [ pw{q,p)dqdp (1.4) 
Jb 

where B i— > F{B) is a normalized POV-measure. Prom (1.2), (1.3), and (1.4) 
we obtain 

trWE^(b) = trWF{bxU) 
trWE^(b) = trWF{nxb) 

for all W and all Borel sets 6 C R, respectively, 

E^ib) = F{bxR) 
EP{b) = F(Rx6) 
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for all b. Thus, the projection-valued (PV-) measures E'^ and appear as 
the marginal measures of the POV- measure F. As will be shown immediately, 
from this it follows that [E^ (bi) , E^ (bi)] = for all Borel sets 61, 62 Q R; i-e., 
the operators Q and P commute, which is a contradiction. Hence, Wigner's 
theorem holds. 

To show that the validity of Eqs. (1.5) would imply that all projec- 
tions E'^ih) commute with all projections E^{b), we first prove the following 
preparatory statement. If, for an orthogonal projection E and a bounded 
self-adjoint operator A> 0, A < E holds, then A = EAE is valid. In fact, 
from < A < E wc obtain that, for a vector of Hilbert space, E(f) = im- 
plies A(f) = 0. In consequence, A{1 — E)iIj = for all ip since E{1 — E)'>p = 0. 
Hence, A{1 — E) = or, equivalently, A = EAE. — Now assume that F is 
a POV-measure on some measurable space (M, S) such that, for some set 
Bq G S, the operator F{Bo) is a projection. Then every positive operator 
F{B), B e 5, commutes with F{Bq), as we are going to prove. We notice 
that 

F{B) = F{B\{BnBo)) + F{BnBo) (1.6) 

and 

F{B \ {B n Bo)) + F{Bo) = F{B U Bo) < F{M) = 1 (1.7) 

hold. From (1.7) it follows that F{B \ (S n Bo)) < 1 - F{Bo); furthermore, 
F{B n Bo) < F{Bo) is valid. The latter two inequalities and the fact that 
F{Bo) is a projection imply 

F{B\{BnBo)) = il-F{Bo))F{B\{BnBo)){l-F{Bo)) 

(1.8) 

F{B n Bo) = F{Bo)F{B n Bo)F{Bo) . 

Inserting (1.8) into (1.6) and multiplying with F{Bo) from the right, respec- 
tively, from the left, we obtain 

F{B)F{Bo) = F{Bo)F{B n Bo)F{Bo) = F{Bo)F{B) . 

Hence, all F{B) commute with F{Bo), which finishes the proof of Wigner's 
theorem. 

In Chapter 2, we introduce the concept of statistical completeness of 
observables and show the existence of such obscrvables. In a very general 
context, classical representations of quantum mechanics are introduced in 
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Chapter 3 and their relation to statistical complete observables is discussed. 
A classical representation and a corresponding dequantization enable the 
reformulation of the statistical scheme of quantum mechanics on a classi- 
cal sample space in the sense of Eq. (1.1). Moreover, quantum dynamics 
can be reformulated on that sample space, as is shown in Section 3.3. In 
Chapter 4 we discuss continuous resolutions of the identity of Hilbcrt space. 
Such continuous resolutions, in particular in the context of irreducible group 
representations, enable, on the one hand, the introduction of physically in- 
teresting, possibly statistically complete observables and, on the other hand, 
the construction of Hilbcrt spaces consisting entirely of continuous square- 
integrable functions; the latter gives a new aspect being interesting both from 
the mathematical and the physical point of view. 

In Chapter 5 a special class of continuous resolutions of the identity is 
presented that gives rise to observables on phase space that can be inter- 
preted to describe joint position-momentum measurements. Furthermore, 
such a continuous resolution on IR^^ gives rise to a representation of quan- 
tum mechanics on a Hilbert space of continuous or even infinitely differ- 
entiable wave functions on the phase space lEl^"^; we call such representa- 
tions phase-space representations of quantum mechanics and discuss them in 
Chapter 6. Some particular phase-space representations are related to a well- 
known Hilbcrt space of entire functions, which is pointed out in Section 6.4. 
Our phase-space representations are conceptually different from our classical 
representations of quantum mechanics on phase space. The latter ones are 
the subject of Chapter 7, they are induced by statistically complete joint 
position-momentum observables and concern the reformulation of the statis- 
tical scheme of quantum mechanics on phase space in the sense of Eq. (1.1). 
Chapter 7 specifies the results of Chapter 3 for the case that the phase space 
takes the role of the general sample space; in particular, the reformulation of 
quantum dynamics on phase space is presented in Section 7.4. 

Chapters 2-4 have a general character whereas the more specific topics 
of Chapters 5-7 arc somehow related to the phase space. A further spec- 
ification is given by the consideration of spin systems (see E. Prugovecki, 
1977b; F. E. Schroeck, Jr., 1982a; P. Busch 1986). In this case the un- 
derlying Hilbert space is finite-dimensional, and the density operators can 
classically be represented by probability measures on a finite sample space, 
i.e. by finite-dimensional probability vectors (see P. Busch, K.-E. Hellwig, 
and W. Stulpe, 1993). For reasons of limitation, we do not discuss this 
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interesting specification in this paper. 

We emphasize that our investigations on classical reformulations of quan- 
tum mechanics are mainly motivated by our interest in structural aspects 
of statistical physical theories, in particular, in insights into the relation 
between quantum mechanics and classical probability theory, respectively, 
classical statistical mechanics. Two important insights of this kind arc the 
following. For quantum mechanics based on a separable Hilbert space, classi- 
cal representations, i.e. injective affine maps from the density operators into 
the probability measures on some sample space, always exist; however, in 
this way the set of all density operators cannot be mapped onto the set of all 
probability measures on that sample space. Physically, these results can be 
interpreted in terms of hidden variables. Namely, the points of the sample 
space are the hidden variables, and nature forbids that all classically pos- 
sible states can be prepared for microsystems; only those states occur that 
are given as images of density operators under some distinguished classical 
representation. A similar interpretation is possible for the conceptually com- 
pletely different framework of S. Gudder (1984, 1985, 1988) and 1. Pitowsky 
(1983, 1989). 

Besides the structural insights and the possible hidden-variables inter- 
pretation, there are further consequences and several applications of the top- 
ics presented here, as we indicate bricfiy. The existence of joint position- 
momentum observables concerns fundamental aspects of the measurement 
in quantum mechanics (cf. P. Busch and P. J. Lahti, 1984; P. Busch, 1985; 
S. Gudder, J. Hagler, and W. Stulpe, 1988; P. Busch, M. Grabowski, and 
P. J. Lahti, 1995) and is a link to large quantum systems (cf. G. Ludwig, 
1987); the existence of statistically complete observables has a fundamen- 
tal meaning for the determination of quantum states (cf. P. Busch and 
P. J. Lahti, 1989) and perhaps for quantum information theory (cf. E. Pru- 
govecki, 1977a; K.-E. Hellwig, 1993). Joint position- momentum observables 
of many-particles systems have been proved to be a useful concept in quan- 
tum statistical mechanics and especially for a derivation of the Boltzmann 
equation (see E. Prugovecki, 1984; L. Lanz, O. Melsheimer, and E. Wacker, 
1985; G. Ludwig, 1987). Moreover, the joint position-momentum observ- 
ables of one-particle systems have relativistic analogs (see E. Prugovecki, 
1984; S. T. Ali, 1985); those observables give rise to some kind of covariant 
relativistic position observables, for instance, and are thus of fundamental 
importance in the context of the localization of particles in relativistic quan- 
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turn mechanics. Finally, phase-space formulations of quantum mechanics 
have various applications in quantum optics. 

It may be that our classical representations are, because of Eq. (1.1) 
or some analog of it, also useful for calculational purposes. However, our 
impression is that for calculational purposes the Wigner functions are more 
suitable, whereas the classical representations on phase space as presented 
here are more meaningful for fundamental interpretational questions. 
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Chapter 2 



Observables and Statistical 
Completeness 

Hilbcrt-space quantum mechanics is based on a complex separable Hilbert 
space 7i ^ {0}. We denote the real Banach space of all bounded self-adjoint 
operators in Ti, by Bs{Ti) and the Banach space of all self-adjoint trace- 
class operators by Tgili.). As is well known. Bs{T~C) can be considered as the 
dual space {Ts{T-[)y where the duality is given by the trace functional. Let 
KiTi) C Ts{T-C) be the convex set of all positive trace-class operators W with 
trW — 1, i.e. the set of all density operators, and let [0, 1] C Bs{'H) be the 
convex set of all bounded self-adjoint operators A satisfying < A < 1. The 
density operators describe the statistical ensembles of a sort of microsystems 
which we briefly call states. The elements of [0, 1] describe the effects^ i.e. the 
classes of statistically equivalent realistic measurements with the outcomes 
and 1. For W G K{n) and A e [0,1], the number tiWA e [0,1] is 
interpreted to be the probability for the outcome 1 of the effect A in the state 
W. 

The real Banach space BsiTi) can be equipped with the weak topology 
a{Bs{lH)^ Ts{T-C)) which is the coarsest topology such that all linear function- 
als given by the elements of Ts{Ti.) are continuous. We call this topology 
briefly the a-topology. Since a{Bs{n),%{n)) = a{Bs{n), K{n)) holds, a 
neighborhood base of ^4 e (H) is given by the sets 

U{A; Wi,..., Wn] e) {A e | |tr V^^^i - tr WiA\ < e for z - 1, . . . , n} 

(2.1) 
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where e > and Wi G K{T-C). An effect A G [0, 1] is physically approximated 
by yl G [0,1] if in many (but finitely many) states Wi, . . . ,Wn G KiTi) 
the probabihties tr WiA differ from tr WiA by an amount less than a small 
e > 0. This statement can be tested experimentally and can be characterized 
mathematically by A G U{A\ Wi, . . . , Wn', e). Hence, the cr-topology, respec- 
tively, its restriction to [0, 1] describes the physical approximation of effects 
(cf. G. Ludwig, 1970, 1983, 1985; R. Werner, 1983; R. Haag and D. Kastler, 
1964). 

An observable F on some measurable space (M, S) is a normalized effect- 
valued measure on S, i.e. a map F: S ^ [0, 1] satisfying -F(0) = 0, F{M) = 1, 
and F(Ui^i Bi) = X^i^i F{Bi) where the sets Bi E S are mutually disjoint 
and the sum converges in the cr-topology, for instance. Thus, observables are 
normalized positive-operator-valued measures (POV-measures), whereas the 
more common projection-valued measures (PV-measures) are special cases. 
A state W G K{T-L) and an observable F define a probability measure P^ on 
(M,S)by 

P^{B) ■.= tiWF{B) . (2.2) 

We call P^ the probability distribution of F in the state W . Now let F be 
an observable with real measuring values, i.e., let (M, S) = (R, S(R)) where 
S(1R) denotes the cr-algebra of Borel sets of R. The expectation value of F 
in the state W is defined by 

{F)w := / iP^idO = / idRc/P^ , (2.3) 

provided that the integral exists. If {F)w exists, then the variance of F in 
the state W is given by 

var^F /(^ - {F)w?P^m = j i'P^m - {Ff^ ; (2.4) 

either Y&iy/F exists also or it is infinite. The existence of var^yF requires the 
existence of {F)\y and implies the existence of / i^Pw{d^)'i conversely, if id^ 
is P,^-integrable, then {F)w as well as varp^/F exist. 

Let F be an observable on an arbitrary measurable space (M, S) and 
/: M — > R a S- measurable function. If / is P^^-integrable for all W G K{H), 
then the integral / fdF exists, as a bounded self-adjoint operator, in the 
(7 -weak sense, i.e., 

j fdP^ = j fd{trWF{ . )) = tr fdP^ 
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holds for all W e K{n) (W. Stulpe, 1986, 1988). Equivalently, 



j fd{iiVF{.)) = ii (y J fdF^ 

is valid for all V e Bs{H). The existence of / fdF in the weak sense is 
necessary and sufficient for the existence of / fdF in the a-wcak sense. If F 
is a PV-measure, then / fdF exists in the cr-weak sense if and only if / is 
F-a.e. bounded, i.e. bounded almost everywhere with respect to F. 

Now, let F again be an observable on (R, S(]R)) and consider the ex- 
pectation value of F in some state W. If idjR is P,^-integrable even for all 
W e K{H), then / id^dF —: A e Bs{H) exists in the u-weak sense, and we 
obtain 

{F)w = I idnditr WF{ .)) = tr (w J idndF^^ , (2.5) 

respectively, 

{F)w^-trWA. (2.6) 

If, in addition, F is a PV-measure on (R, S(]R)), i.e., if F is the spectral 
measure of some self-adjoint operator A, then / id^dF exists in the cr-weak 
sense if and only if A is bounded; in this case A = J id^dF = A holds (for 
some further discussion on {F)w and vaiwF when F is a spectral measure, 
see Section 7.2 and Eq. (7.31)). — In particular, for any W G K{T-C) and any 
A e BsiH), one can interpret the real number trVFA as the expectation 
value of some observable. According to (2.1) and (2.6), the cr-topology then 
describes the physical approximation of observables. 

Following G. Ludwig (1970, 1983), we call a state W G K{n) effective if 
trW^A = and A G [0, 1] imply A = 0. Given an observable F on (M, S), 
the state W is called effective with respect to F if tr WF{B) — with S G S 
imphes F{B) — 0. To prove the existence of an effective state, observe that, 
as a consequence of the separability of the Hilbert space Ti, the space TsiJH) 
as well as the set KiTi.) are separable with respect to the trace norm. Let 
{VFjjjgiN be a dense sequence in K{7i) and > with J2iZi cti = 1- Define 
W :— Z^^i ctiWi, then W G K{H) is an effective state. Alternatively, choose 
a complete orthonormal system {(f)i}i£]!<! in H and define W :— Z^^i ctiP^. 
where cti > 0, J2ili oii = 1, and P^. := W G K{T-L) is also effective. 

For every observable F on (M, S) there exists a measure A on S such that 
for every W G K{7i) the probability measure P^, is absolutely continuous 
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with respect to A (G. Ludwig, 1970). That is, P^r can be characterized by a 
probabihty density pw on the measure space (M , S, A) such that 

P^{B) = / pwdX = / pw{x)X{dx) (2.7) 

JB JB 

holds for all B e S. The measure A can even be choosen as a probability 
measure. In fact, let Wq e K{l-L) be effective with respect to F and define 
A := P^^^. Since \{B) = trWoF(S) = implies F{B) = and hence 
P^{B) = tr WF{B) = for every W e K{n), every P^ is absolutely 
continuous with respect to A. 

We call a family {Fa}aei of observables on (M^,, S^) statistically complete 
if every state is determined by the probability distributions (2.2) of all F^, 
i.e., if for any two states Wi,W2 G K{n), P^" = Pw2 all a G / im- 
plies Wi = W2- The concept of statistical completeness was introduced by 
S. T. Ali and E. Prugovecki (1977a,b; see also E. Prugovecki, 1977a) who 
called it informational completeness. Next we present a criterion for statis- 
tical completeness, and then we prove the remarkable fact that there exist 
single statistically complete observables. 

Lemma 2.1 A family {-F^jog/ of observables on (Mq,,Sq,) is statistically 
complete if and only if the linear hull of the set \Jaei ^aC^a) — {Fa{B) \ B G 
Sq, q; G /} is a -dense in BgiTi.)- 

Proof: Suppose {Fa}aei is statistically complete, i.e., for any Wi,W2 G 

K{n), 

tiWiA = trW2A 

for all A G Uae/ FaC^a) implies Wi — W2- Let Vi and V2 be arbitrary positive 
trace-class operators and assume 

tj:ViA^tj:V2A (2.8) 

for all A G Uae7-Fa(Sa). Setting A = F„(Ma) = 1, it follows that trVi = 
trV2 -. 7. For 7 = 0, wc obtain Vi = V2 = 0. For 7 ^ 0, divide (2.8) 
by 7 and observe that ^Vi and ^¥2 arc density operators. Consequently, 
Vi = V2 holds. Now, let Vi,V2 G TaiTi) be arbitrary and assume again 
the validity of (2.8) for all A G Uae/-^a(Sa)- Decomposing Vi and V2 into 
positive operators, we obtain 

tr (y+ - V^)A = tr - V^)A 
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or, equivalent ly, 

tr (y+ + V2-)A = tr (^2+ + Vf)A . 

It follows + = V2 + ^r, respectively, V\ = V^- Hence, the set 
Uae/ -^0(^0) separates the elements of Ts{H). 

If the linear hull of Uae/ ^aC^a) were not cr-dense in Bs{H), then, accord- 
ing to a well-known consequence of the Hahn-Banach theorem, there would 
exist a cr-continuous linear functional A 7^ on Bs{'H) such that A(A) = 
for all A G linUQ,gj ^^(Sq,) . Since the cr-continuous linear functionals on 
Bs{H) are just those ones that are represented by the elements of %{H), 

A{A) ^trVA^O 

would hold for some V e Z{n), V ^0, and all A e linUaej FaC^a) ■ Hence, 
[Ja&i ^aC^a) would uot Separate BsiH). 

Conversely, suppose hnlJag/ -^0(2^) = BgiTi). Let Vi,V2 G TgiTi) and 
assume Eq. (2.8) holds for all A G Uae/-^a(^a)- Considering Vi and V2 as 
(7-continuous linear functionals on Bs{'H), one obtains the validity of (2.8) for 
all A G Bs{Ti.). In consequence, Vi = V2. Hence, the set [j^^j Fa{'E,a) sepa- 
rates %{H), and the family {Fa}aei of observables is statistically complete. 

□ 

Theorem 2.2 There exists a single statistically complete observable. 

Proof: According to the Banach-Alaoglu theorem, the closed unit ball D :— 
{A G Bs{n) I \\A\\ < 1} of Bs{n) = {%{n))' is (j-compact (i.e. compact with 

respect to the a-topology). Furthermore, because of the norm-separability of 
Ts{T-l) which is a consequence of the norm- separability of Ti, the a-topology 
restricted to D is metrizable (see, e.g., N. Dunford and J. T. Schwartz, 1958). 
Hence, the metrizable compact space {D,a n D) is separable. Likewise, the 
interval [0, 1] :^ {A e B^in) \ < A < 1} G D is cr-separable. 

Let {A„}„giN be a cr-dense sequence in [0, 1] and define a further sequence 

by 

i=l ^ 

An :— 7^n-l for 77. > 2 . 
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Observe that (i) the infinite sum is even norm- convergent, (ii) An G [0, 1], (iii) 
\m{An I n e = Bs{H), and (iv) En=i = 1- Now define an observable 
F on the power set of INT by 

where S C ]N. Because of (iii) and the preceding lemma, the observable F 
is statistically complete. □ 

Lemma 2.1 and Theorem 2.2 were proved by M. Singer and W. Stulpe 
(1992) within the more general context of statistical dualities; however, the 
statement of Theorem 2.2 was already be concluded by G. Ludwig (1970). 
The observable constructed in the proof of Theorem 2.2 is a discrete one, 
another construction of a discrete statistically complete observable within 
the framework of Hilbert-space quantum mechanics was given by P. Busch 
and P. J. Lahti (1989). That construction is perhaps more concrete than 
ours, however, our proof of Theorem 2.2 shows that the existence of sin- 
gle statistically complete quantum observables is possibly related to the 
norm-separability of the state space. There exist also continuous statisti- 
cally complete observables, important examples of those will be discussed in 
Section 7.1. 

The following proposition was proved by M. Singer and W. Stulpe (1992) 
as follows, another proof had already been given by P. Busch and P. J. Lahti 
(1989). 

Proposition 2.3 Let {Fa}a&i be a family of observables on {Ma,'^a) such 
that [j^^j Fa{'E,a) is a set of commuting positive operators. Then {Fa}aei 
cannot be statistically complete, provided that dimTY > 2. In particular, one 
statistically complete observable cannot be a PV-measure. 

Proof: Assume {Fa}aei is statistically complete and the set [jaei ^a^a) is 
commuting. Then it follows that 

(i) Ua6/-^a(Sa) Separates the space T(7i) of all (not necessarily self- 
adjoint) trace-class operators in Ti and, analogously to Lemma 2.1 and 

its proof, lin Uaei" -^a(So)'^*'^*"^'*''^^^'*'' = i3(7i) (here we consider the com- 
plex linear hull of Uae/^«(Sa); a{B{7i),T{7i)) is just the ultraweak 
operator topology in B{7i)) 
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(ii) the *-algebra A{\Jaei FaC^a)) generated by Uae7-^a(-a) in B{H) is 
Abelian. 

Statement (ii) implies that the von Neumann algebra 

-a{B{n),T{n)) 



\aei / 



generated by IJae/ ^"('^'a) i^ ^^^^ Abelian, whereas from statement (i) we 
obtain A = B{7i). Hence, B{7i) is Abelian, which is a contradiction if 
dim7i>2. □ 
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Chapter 3 

The Representation of 
Quantum Mechanics on a 
Classical Sample Space 



3.1 Classical Representations 

Most generally, classical statistical physics is based on a nontrivial measur- 
able space {n, S), i.e. on a set 7^ and a a-algebra E in fl. The set Q is 
called a sample space, and the elements of E are called events. We denote 
the space of all bounded signed measures on E, i.e. the space of all cr-additive 
real-valued set functions on E, by Ai^{Q,Ti). By means of := 
where is the total variation of € E), A4R{fl, E) becomes a real 

Banach space. Let J^u{il, E) be the space of all real-valued bounded E- 
measurable functions on Q. Defining ||/|| := sup^^^Q \f{^) \ fo^ / ^ ^ni^-, S), 
J-']ii{Q, E) is also a real Banach space. By the integral, the spaces A4]r(J1, E) 
and J-'^{Q, E) are placed in duality to each other; in particular, this means 
that J-'r{Q, E) can be considered as a closed subspace of the dual space 
(A1iR(r2, E))' and that J^]R(n, E) separates the elements of A4n{^,'^) (for 
more details, see W. Stulpe, 1986; M. Singer and W. Stulpe, 1992). 

Let K{Q, E) C Mu{^, E) be the convex set of all probability measures 
on E and [0, xn] C J-'r{^, E) the convex set of all / e J-'ni^fi, E) satisfying 
< f{<^) < 1 for all u & Q. The probability measures describe the classical 
states, i.e. the classical statistical ensembles, and the elements of [0, xn] the 
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classical effects. For // G K{Q, S) and / G [0, Xn], the number / fdfi G [0, 1] 
is interpreted to be the probability for the outcome 1 of the effect f in the 
state fJL. Particular effects are given by the characteristic functions x^, A G E, 
these effects correspond to the events. The probability for the outcome 1 of 
an effect xa in the state is / XAd^ = is usually interpreted as 

the probability for the occurrence of the event A. 

Particular classical observables are given by the random variables on fl, 
i.e. by the E-S-measurable maps X : Q — > M where (M, H) is a further 
measurable space (for more details, see W. Stulpe, 1986; M. Singer and 
W. Stulpe, 1992). The probability distribution of X in the state fj, is given by 

P^{B) := ^{X-\B)) =: {fioX-')iB) 

where S G S. Now let X be a real- valued random variable, i.e. (M, 5) — 
(R, S(R)). The expectation value of X in the state fi is 

{X), := J ^P^{dO = J idndiii o X-') = I Xdix (3.1) 

(compare Eqs. (2.3), (2.5), (2.6), and (7.14)), and the variance of X in the 
state II is 

var.X := /(^ - {X),fP^{dO = J eP^{dO - {X)l 

(compare Eq. (2.4)), respectively, 

var^X = I{X- {X),fdfi = J X'dfi - (X) J = (X^)^ - (X) J (3.2) 

(compare Eq. (7.31)). Of course, we assume that at least one of the integrals 
in (3.1) exists; var^X then either exists also or is infinite. If id^ is P^- 

integrable, respectively, if X^ is /i-integrable, then (X)^ as well as var^X 
exist. Every function / G J-'r{^, S) can be interpreted as a bounded real- 
valued random variable, in this case {f)i^ and var^/ exist for all G K{fl, E). 

One often works only with those probability measures on E that are 
absolutely continuous with respect to some distinguished positive measure, 
respectively, with the corresponding probability densities. Accordingly, let 
A 7^ be a fixed cr-finite (not necessarily finite) positive measure on E, 
i.e., (f2, E, A) is a nontrivial a-finite measure space. In classical statistical 
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mechanics, A is the Lebesgue measure defined on the cr-algebra of Borel 
sets of the usual phase space. Denote the set of all probability densities 
on (Q,E,A), i.e. the set of all p e Lj^(Jl,E,A) satisfying p > A-a.e. and 
/ pdX = 1, by K{fl,I], X). The set K{fl,'E,X) is a convex subset of the 
real Banach space L^{Q, S, A), the latter one can be considered as a closed 
subspace of Mr{CI,T.). Furthermore, (L^(fi,S,A))' = L^(fi,E,A) holds. 
If p e is:(fi,S,A), / G Lg(fi,S,A) with < f{uj) < 1 for A-almost all 
a; e and A e E, then / pfdX is again the probability for the outcome 1 
of the effect / in the state p and / pxAdX = pdX the probability for the 
occurrence of the event A. According to Eqs. (3.1) and (3.2), the expectation 
value and the variance of a real- valued random variable X in the state p are 
given by 

{X)p := (X)^ = Jxdp = J pXdX (3.3) 

and 

varpX := var^X = J (X - {X)^fdp 
= jp{X-{X),fdX 

respectively, where p is the probability measure corresponding to the density 
p. In particular, for bounded real- valued random variables / G L'^iVL, S, A), 
{f)p and varp/ exist for all p G X(Q, E, A). 

A classical representation T of quantum mechanics is a map that assigns 
to every quantum state W G K{T-C) injectively a probability measure p G 
K{Q,Ti). Since K{l-C) and A'(f2, S) are convex sets, we furthermore assume 
that T is affine. As one can prove easily, T can uniquely be extended to 
an injective positive hnear map T: AliR(f2, E) with the property 

TK{H) C X(Q,E). 

Definition 3.1 We call a linear map T : 7^(7^) A4iR(n, E) a classical 
representation of quantum mechanics on (f2, E) if 

(i) TK{n) C K{n, E) 

(ii) T is injective. 
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If {Q, S, A) is a (T-finite measure space, then an injective linear map T : 
Ts{T-C) Lj[^(r2,E,A) with TK{7i) C K{fl,T,,X) is called a classical rep- 
resentation of quantum mechanics on (Q,E,A). 

Some simple properties of classical representations are stated in the next 
lemma. In this context as well as in the following, we understand, for sim- 
phcity, the dual map T' of a bounded linear map T: %(T-t) — > A^]r(Q,S) 
as the map T' : T^{VL,11) — > Bs{H) that is the restriction of the Banach- 
space adjoint map of T to J^^{VL, S). For a bounded linear map T: Ts{l-L) 
Lj^(0, E, A) where (fi, E, A) is a (T-finite measure space, T' is understood to 
be the Banach-space adjoint map T': L'^{Q., S, A) — * Bs{Ti.). 

Lemma 3.2 A linear map T : ZiH) Mn{^,i:) fulfilling TK{n) C 
K[fl,Ti) is positive and bounded with \\T\\ = 1. The property TKiTi.) C 
K{fl,I]) of a bounded linear map T: Ts{'H) — > A^]R(r2, S) is equivalent to 
T' >0 and T'xn = 1- The latter two conditions imply T'[0, xn] Q [0, 1]. For 
linear maps T: — > S, A), the analogous statements hold. 

Proof: Let T: T,(7t;) ^ A<ir(1^, S) be linear with TK(7i) C K{VL, S). Then 
T is positive and ||T|| = su-pv(zK{'H) 1 1 ^^11 — 1- The map T' is also posi- 
tive; from TK{n) C K{n,J:) it follows for W E K{n) that \\W\\tr = 1 = 
\\TW\\ = JxndiTW) = trW{T'xn), and trW{T'xn) = 1 for all W e 
implies T'xa = 1- The rest of the proof is clear. □ 

It is remarkable that injective affine maps from K{'H) into K{Q,'E) do 
exist. In fact, the classical representations on [fl, E) are in one-to-one corre- 
spondence with the statistically complete observables on {fl, E). 

Theorem 3.3 Every statistically complete observable F on (M, S) := (Q, E) 
defines a classical representation T on (Jl, E) by 

{TV){B) ■=trVF(B) 

where V G Ts{l-i) and B E "E. Conversely, every classical representation T: 
TsiTi) — > A1]a(r2, E) determines uniquely a statistically complete observable 
F: E ^ [0, 1] such that TV = tr VF{ . ) holds. In particular, for W e K{n), 
TW is just the probability distribution of F: 

TW = trWF{.) = . 
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Moreover, T' and F are related by 

T'f -J fdF, (3.4) 

respectively, by 

T'xB = F{B) (3.5) 

where f e J-'u{^,^), -B G S, and the integral is understood in the a-weak 
sense. 

Proof: Given an arbitrary observable F : E — [0,1], a linear map T : 
TsiTi) A4u{Q,T,) with property (i) of Definition 3.1 can be defined by 
{TV){B) := trV F{B). If F is statistically complete, then, according to the 
proof of Lemma 2.1, its range F{T,) separates the elements of Hence, 
T is injective. 

Now assume T is a classical representation on (r2,S). Define F{B) : = 
T'xb- Then Lemma 3.2 implies F[B) G [0, 1] and F{Q) = T'xn = 1, and 
from tr yF(5) = tr V{T'xb) = I XBd{TV) = {TV){B) it follows that TV = 
ticVF{ . ). Next we show that F is cr-additive. Taking a sequence of disjoint 
sets 5j e E, we obtain 

(oo \ / oo \ oo 

[jB^] = {TV)i[jBA=Y,{TV){B,) 
1=1 / \i=l / i=l 

- i^^UTVm)=l^Jrivj:FiB,)\ 

i=l \ i=l J 

for all V e Tgili.). In consequence, 

(oo \ n oo 

u ^0 = ^"iHSo s ^(^^) = nsi) 
1=1 / i=l i=l 

holds. Hence, F is an observable satisfying TV — trVF[.). It is also 
statistically complete because T is injective. 
Finally, for / e ^iR(i^, S) we have 

txV{T'F{.)) = j fd{TV) = I fd{trVF{.))^tr:(v J fdF^ . 

Thus,T'f^JfdF. □ 
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Let T be the canonical embedding of S, A) into A^]R(r2,S), i.e., 

{tp){B) := pdX where p G Lj^(r2, S, A) and B E T,. The map r and its 
inverse t"^ defined on rLj^(Q, E, A) are hnear, isometric, and positive. Every 
classical representation T on {Q, E, A) defines a classical representation T on 

E) by T := tT. Conversely, if T is a classical representation on (i^, E) 
such that all measures TV are absolutely continuous with respect to A, then 
a map T can be defined by T := t^^T. According to our reflections around 
Eq. (2.7), there exists always a cr-finite positive measure A on E (even a 
probability measure) and a classical representation T on (Q, E, A) such that 
T can be written as T = rT. However, the general construction of that 
A seems to be somewhat artificial; in Chapter 7 we shall discuss a class 
of physically important examples for classical representations of the form 
T — tT where the measure A arises quite natural as a consequence of the 
mathematical structure of the underlying statistically complete observables. 

Remember that, for classical representations T on (f2, E) and T on 
(f2, E, A), we understand T' and T' to be the adjoint maps T': J-'^{Q, E) — 
Bsin) and f': Lg(f],E,A) ^ Bs{n), respectively, where JSi(^^, S) C 
{Mr{^, E))'. Moreover, in contrast to Jmr(^, S), the elements of ivg(f2, E, A) 
are classes of A-essentially bounded functions. We now derive the analog of 
(3.4) for f. For every / e L^{n, E, A) and all V e%{n),we have 

trl-(t7) = JpfdX = Jfdirp) 

= I fd{TV) = J fditrVFi .))^tr(^V J fdF^ 

where p := TV and F is the observable corresponding to T :— tT. Prom 
this it follows that 

f'f = J fdF (3.6) 

holds where the cr-weak integral does not depend on the representative of 
/eLg(Q,E,A). 



3.2 Dequantizations 

By means of a classical representation, the quantum states can be identi- 
fied with probability measures and probability densities, respectively. The 
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following theorem concerns the corresponding description of effects and ob- 
servables (cf. M. Singer and W. Stulpe, 1992). 

Theorem 3.4 Let T: Ts{T-C) Aiu{Q,T,) be a classical representation on 
the measurable space {fl, E) and F the corresponding observable. Then the 
following statements are valid: 

(a) To each bounded self-adjoint operator A G R{T') := T'J-'^{Q,Ti) a 
function f G J-'n{^, can be assigned such that for all states W G 



holds where ji := TW = P^. 

(b) For every A G BsiH.), every e > 0, and any finitely many states 
Wi, . . . , Wn G K{7i) there exists a function f G J-ni^, ^) such that 



holds where fj,i :— TWi — P^. (i — 1, . . . ,n). 

Proof: (a) If A G R{T'), choose / as one of the functions satisfying A — T'f. 
We then obtain 



for all states W G K(n). 

(b) Since T: Ts{Ti?) — > A^]R(r2, E) is an injective linear map and the adjoint 
map T': ^sO^) exists, the range of T' is a cr-dense subspace of 

Es{'H). This is a general result in duality theory, but in our case we can 
obtain it also from 



and Lemma 2.1; the second equality sign in (3.7) is a consequence of (3.5). 

From the cr-denseness of R{T') in Bs{'H) and Eq. (2.1) it follows that, for 
every A G Bs{H), every e > 0, and any Wi, . . . , Wn G K{T-C), there exists a 
function / G J-'n{^, satisfying 



K{n) 






R{T') = T'Tuin, S) D lin {T'xb | S G S} = linF(S) 



(3.7) 



tr Wi A -tr Wi{T'f)\ < e . 
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Now, the assertion is implied by tr Wi{T'f) = J fd{TWi) = J fdjii. □ 



If T: TsCH) — > Lj^(Q,E,A) is a classical representation on the (j-finite 
measure space (f2,S,A), then, for instance, the analog of statement (b) of 
the theorem reads as follows. For every A G Bs{T-C), every e > 0, and any 
W^i, . . . , Wn e K{T-C) there exists a function / e E, A) such that 

< e (3.8) 

holds where pi := TWi {i = 1, . . . ,n). This result can be concluded from 
part (b) of Theorem 3.4 or from duality theory (cf. W. Stulpc, 1992, 1994). 

When a classical representation of quantum mechanics is given, the quan- 
tum states W e KCH) can be described hke classical states. Moreover, 
according to Theorem 3.4 and statement (3.8), respectively, the quantum 
mechanical effects A G [0, 1] and observables G on (R, S(]R)) for which the 
cr-weak integral / idiRc/G =: A E i3s(7i) exists can be described like classical 
observables, namely, by random variables on a classical sample space. That 
is, the quantum mechanical probabilities and expectation values can, exactly 
or at least in arbitrarily good physical approximation, be represented by the 
corresponding classical expressions (compare Eqs. (2.6), (3.1), and (3.3)). 
The approximation involved in Theorem 3.4 and statement (3.8) is physical 
in the sense that probabilities and expectation values cannot be measured 
exactly and in the laboratory physicists are not able to prepare more than 
finitely many states. In particular, one can work with the same small e > 
and the same many states Wi, . . . , Wn for all observables. 

We add some remarks. First, a function / G J-'ni^, E) describing an ef- 
fect A E [0,1] need not satisfy < / < xa- Second, writing / fdfi = J fdP^r 
and / fdfXi = J fdPy^. in the respective statements of Theorem 3.4, we note 
that all quantum mechanical probabilities and expectation values can be 
calculated from the distributions of one single observable. Third, remem- 
bering that R{T') = r'jF]f^(r2, E) is a cr-dense subspace of i3s(7i) and that 
the (T-topology describes the physical approximation of quantum observables 
A e Bs(H), one can replace Bs{Ti.), as a space of observables, by R{T'). The 
classical description of observables then becomes exact. 

One can show that, in the case of a finite-dimensional Hilbert space, 
there exist even bijective classical representations T: Ts{l-C) — > }A^{VL,T?) 
where the sample space VL consists of N elements, := n^, n := dimTi, 



trW;.4 



-/ 



PifdX 
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and E := V{Q) is the power set of Q (see P. Busch, K.-E. Hellwig, and 
W. Stulpe, 1993; K.-E. Hellwig and W. Stulpe, 1993). Denoting the counting 
measure on E by k and identifying the respective spaces, we have A4ia(Jl, E) 
= L^{n, E, k) = R^, T -. f, and f: %{H) ^^^(fi, E, k). For an infinite- 
dimensional Hilbert space, it is an open question whether bijective classical 
representations T or T on suitable measurable spaces (Q, E) and mcasTirc 
spaces (r2,E,A), respectively, do exist. Now let diniTY be arbitrary and 
assume that T: — > AliR(n, E) is a bijective classical representation. 
Because of the different geometrical structure of the convex sets K{T-C) and 
A'(n, E), T cannot map K{T-C) onto K{Q,Ti), provided that dim?i > 2 (for 
details, see M. Singer and W. Stulpe, 1992; P. Busch, K.-E. Hellwig, and 
W. Stulpe, 1993). That is, even if T is bijective, the quantum states can 
always be identified only with a proper subset of K(Q,T,). Finally, consider 
a bijective classical representation T: 7^(7Y) L^{Q, E, A). Since the adjoint 
map T": L^(0, E,A) BsiH) is also bijective, for every A G BsiTi) there 
exists a uniquely determined function / e L'^iVL, E, A), namely / :— {T')~^A, 
such that for all W G K{n) 




holds where p := fVF. Again, we have fK{H) C K{n, S, A). This proper 
inclusion is related to f"[0,Xf2] C [0, 1], respectively, to (f")"^[0, 1] D [0, xn] 
(compare Lemma 3.2). Some further thoughts on these and similar prob- 
lems can be found in some papers of S. Bugajski (1993a,b) and a paper of 
E. G. Beltrametti and S. Bugajski (1995). 

For arbitrary classical representations T and T, the adjoint maps T' : 
TR{n,T.) Bs{n) and f': L^(Q,E,A) Bs{n) assign self-adjoint oper- 
ators A to classical random variables /. Therefore, we call the map T' the 
quantization corresponding to the classical representation T and the map T' 
the quantization corresponding to T. Accordingly, the assignments A ^ f 
that can be defined by Theorem 3.4 and statement (3.8), respectively (if nec- 
essary, for given e > and W^i, . . . , W„ G K{7i)), are dequantizations. The 
particular case of a bijective classical representation T: Ts(H) L^{fl, E, A) 
induces canonically exactly one dequantization A f, namely (T')~^ : 
BsiH) — > L^(f2, E, A); we call (T')~^ = (T~^)' the dequantization corre- 
sponding to T. 
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Summarizing, a far-reaching classical reformulation of the statistical 
scheme of quantum mechanics is possible. In particular, probabilities and 
expectation values which appear in reality as relative frequencies and mean 
values can be calculated on the basis of Hilbert space and in principle also 
on the basis of a classical sample space. Nevertheless, the probabilistic struc- 
ture of quantum mechanics differs essentially from that of classical statistical 
physics, as reflected by the fact that the embedding of the quantum states 
into the classical ones is proper. 

3.3 Quantum Dynamics on a Sample Space 

The reformulation of the statistical scheme of quantum mechanics in classical 
terms can be supplemented by a corresponding reformulation of quantum 
dynamics. To that end, consider first usual quantum dynamics which is 
given by some Hamiltonian H according to 

W^Wt:= TtW ■= e-'^'We'^^ (3.9) 

where W G K{l-L) and t G R. Obviously, {Tt}t&M. is a one-parameter group of 
norm-automorphisms of the Banach space Ts{7i) mapping K{T-C) onto K{T-l). 
To prove its strong continuity, i.e., \\TtV — TjgF||tr — >■ for t converging to 
any to £ R and all V G we need the following simple lemma. 

Lemma 3.5 Let 0, -0 G ?i with \\(/)\\ = \\ip\\ = 1 and denote the corresponding 
one- dimensional orthogonal projections by and P^. Then 

\\P<i>-PAtr<M\<i>-H 

holds where \\ . ||tr is the trace norm in Ts{T-C). 

Proof: Since the range of the operator P^ — P^ is a two-dimensional subspace 
of H (unless it is {0}), we obtain 

\\P<t>-P4tr = tT\P^-P^\^{xi\\P^-P^\Xl) + {X2\\P.I>-P^\X2) 

— 2 II \P(f, — P^pl II = 2 \\P^ — P^W 

where Xi and X2 are suitably chosen vectors and |{ . || is the usual operator 
norm. Taking account of 

\\p^-P4 < r0-l</')(^lll + lll'/')(^l-^^ll <2||0-^|| , 
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it follows that 

||P</,-P^||tr<4||0-^|| . 

□ 



Proposition 3.6 The dynamical group {Tt}ten of automorphisms ofTs{Tl) 
defined by Eq. (3.9) is strongly continuous. 

Proof: It suffices to show ||rtiy-rtoiy ||tr ^ for t ^ and all W e K{n). 
Writing W = T,Zi(^iPxi where > 0, = 1> 11x^11 = 1, and P^^ := 

IXi)(Xi|) we obtain, for e > and a sufficiently large N e'N, 



WnW - Tt,w\\tr < 



N 





oo 


+ 2 


E ^iPx^ 


tr 


i=N+l 



tr 



N 



i=l ^ 

Taking account of Eq. (3.9) and applying Lemma 3.5, it follows with e~*^* 
U{t) that 



N 



N 



1=1 



E 1 1 ^tPxi - ^to PxiWtr = J2^i\\ Pu(t)Xi - Pu{to)xi 1 1 tr 

i=l 
N 

< Aj2(^i\\U{t)Xi-U{to)xi\\ ■ 



i=l 



Now the strong continuity of the unitary one-paramctcr group {U{t)}tQ^ 

implies \\U{t)xi-U{to)Xi\\ < \\{U{t - to) - l)xi\\ < f for \t - to\ < 5(|,x0- 
Hence, 

\\TtW-Tt,Wlr<e 

holds for \t-to\ < S{e, W) := mini<j<7v Xi)- n 



We mention that there is a converse of Proposition 3.6: For every strongly 
continuous dynamical group {Tt}t£R of automorphisms of there exists 

a self-adjoint operator H inTi such that Tt can be represented according to 
Eq. (3.9); H is uniquely determined up to an additive constant cl with c e IR. 
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This is in fact a deep result whose proof can be found in V. S. Varadarajan 
(1970). Furthermore, the strongly continuous dynamical group {T]tj-tg]f{_ ac- 
cording to (3.9) has an infinitesimal generator Z which is a closed operator 
with domain D{Z) being dense in Ts{Ti.). In particular, D{Z) is invariant 
under r^, and 

Wt = ZWt (3.10) 

holds for t^Wt = nW with W e K{H)nD{Z). The domain D{Z) consists 
of all V e TsiJ-L) satisfying VD{H) C D{H) for which the operator HV-VH 
on D{H) is norm-bounded and can be extended to a trace-class operator on 
n (E. B. Davies, 1976). Since = |V')(V'| e D{Z) for V e D{H), = 1, 
it follows that K(T-C)r\D{Z) is dense in K[Ti.), which is not obvious otherwise. 
The infinitesimal generator Z is given by 

{ZV)(l)^-i(HV -VH)(I) (3.11) 

where V E D{Z) and (j) E D{H), i.e., ZV is just the extension of —i{HV — 
VH). Eq. (3.10) then reads 

Wt = -i{HWt - WtH) 

which is known as the von Neumann equation. 

Now, let T: %{'H) A4iR(n, E) be a classical representation of quantum 
mechanics on (fi, E). Applying T to Eq. (3.9), we obtain a corresponding 
classical reformulation of quantum dynamics according to 

^^lit-= TWt = TnW = TnT-V (3.12) 

where W E K{n), /i := TW E i^(0,E), t E R, and T"^: R{T) %{n), 
R{T) := TTsiTi) being the range of T. Defining 

5t := TnT-^ , (3.13) 

i.e. jjit = St/J, for /i = TW, one observes that {St}ten is a one-parameter group 
of hnear isomorphisms 5t: R{T) ^ R{T) satisfying 5t{TK{n)) = TK{H). 
However, R{T), equipped with the norm || . || of A^]r(Q,E), need not be a 
Banach space, and the maps T^^ and 5t need not be bounded. 

The one-parameter group {5t}t&u is strongly continuous in the sense that 
WStV — (^toi^ll — for t — >• tQ and all u E R{T). This, however, does not 
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imply that {(^f }feiR. can be reconstructed from an infinitesimal generator since 
(i?(r), II . II) is not a Banach space (if it is, then T^^ and 5t are necessarily 
bounded). To avoid these difficulties, we equip R{T) with a new norm, 
namely \\v\\' := ||y||tr where v = TV. Because of ||zy|| = \\TV\\ < \\V\\t, = 
||z^||', II . II' on R{T) is stronger than || . ||. Using || . ||', one can introduce an 
infinitesimal generator for {St}teR, which is done in the following theorem 
due to the author. 



Theorem 3.7 Consider R{T) with the norm jj . jj'. Then R{T) is a Banach 
space, and the map T: TgiTL) — > R{T) is a norm-isomorphism. In particular, 

{^t}te'R is a strongly continuous one-parameter group of norm- automorphisms 
of R{T) mapping TK{7i) onto itself; {St}teR can be reconstructed from its 
infinitesimal generator L. For t jit — StfJ, with ii e TK{7i) n D{L) and 
t eH, the equation 

fit = L^t (3.14) 

holds where the derivative can be taken with respect to || . ||' as well as to || . ||. 
Moreover, D{L) is dense in R{T) and TK{n) n D{L) in TK{H), both with 
respect to jj . jj' and \\ L is related to Z according to D{L) — TD{Z) and 

L = TZT-^ . 



Proof: Most of the statements of the theorem is obvious. By construction, 
the derivative in (3.14) is understood with respect to || . ||', but, since || . ||' 
is stronger than || . ||, it can also be taken in || . ||. Clearly, D{L) is dense in 



R{T). For u e TD{Z), i.e. T'V e D{Z), f^inT-^u) 
that 



t=o 



exists. It follows 



t=0 



t=0 



d ^ 
dt 



t=o 



where the latter two derivatives exist in || . ||'. This implies u G D[L). Con- 
versely, if z/ e D{L), then 45tz/ exists in || . ||'. In consequence. 



dt 



dt - 

d 



t=0 



dt 



t=o 



d 
di 



TtT-'u) 



t=0 



and T-V e D{Z), respectively, u e TD{Z). Hence, D{L) = TD{Z). 
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Since KiTi) fl D{Z) is dense in K{7i) and T is a norm-isomorphism, 
TK{n) n D{L) = TK{H) n TD{Z) = T{K{H) n D{Z)) is II . Il'-dense in 
TK{H) and consequently also || . ||-dense. Finally, for v e D{L) we obtain 



t=o 



d 



t=Q 



t=0 



t=0 



and from ^StV 



t=o 



= TZ{T~^v) 
= TZT-^v , 



Lv we conclude L = TZT'^. 



□ 



As a remark, we notice the obvious relations 

TK{n) c is:(n, e) n r{t) 



(3.15) 



and 



= coiw{TK{n)U{-TK{n))) 

C conv(K(l], E) U S))) n i?(T) 

= BnR{T) 



(3.16) 



where is the closed unit ball of {R{T), \\ -W), B the unit ball of 
(A^E,(1],S), II . II), and B n R{T) that of (i?(T), || . ||). The fact that the 
inclusion TK{T-C) C K{Q, S) is always proper for dimTY > 2 (sec the end of 
Section 3.2) suggests that the inclusions (3.15) and (3.16) are also proper. 
This helps to understand why the linear map T"^ may be unbounded on 
(i?(T), II . II) although it is bounded on {R{T), \\.\\'). 

Since R{T) is a space of signed measures, || . ||' is no natural norm on 
R{T). It was introduced for technical reasons, however, some statements of 
Theorem 3.7 can be derived without use of || . ||' as indicated now. From 
Eq. (3.10) it follows that t ^ jit — Stji satisfies jit — TZT~^fj,t for all /i e 
TK{H) n TD{Z). The derivative fit is taken in || . ||, and the || . ||-continuity 
of T implies that TD{Z) is dense in R{T) and TK{n)r\TD{Z) in TK{H). 

We have shown that, by means of a classical representation T on {VL, E), 
quantum dynamics can completely be reformulated in terms of measures 
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evolving in time on the classical sample space fi. An analogous reformulation 
can be obtained by means of a classical representation of quantum mechanics 
on some cr-finite measure space (Q,E,A). If T: Ts{Ti.) — > -L^(fi,S,A) is 
such a classical representation, we define, analogously to (3.12) and (3.13), 
Pt '■= ^tP and 5t '■= TrtT~^ where p G TKiTi) is a probability density and 
T^^: R{T) Ts{T-C). Again, R{T) can be equipped with two norms, || . || 
and II . II'. Using || . ||', one can introduce an infinitesimal generator L for the 
strongly continuous one-parameter group {^5t}teR■ The equation of motion 
corresponding to (3.14) then reads 

Pt = Lpt (3.17) 

where pt = Stp with p e fK{n) fl D{L) and t e R. Moreover, D{L) is 
dense in R{f) and fK{n) n D{L) in fK{n); finally, D{L) = fD{Z) and 
L = TZT^^. In Section 7.4, we shall discuss Eq. (3.17) in the context of 
phase space and a particular classical representation T where, essentially, 
it becomes equivalent to a partial differential equation, as demonstrated by 
some special instances. It turns out that Eq. (3.17) is related to the classical 
Liouville equation and L to the classical Liouville operator —{H, .}. 
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Chapter 4 

Generalized Coherent States 



Important instances for observables and in particular statistically complete 
observables can be obtained from the so-called continuous resolutions of the 
identity of Ti. In Section 4.1, we introduce that concept and study some 
remarkable consequences of the existence of continuous resolutions; in Sec- 
tion 4.2 we show how they can be obtained from irreducible group represen- 
tations. 

4.1 Continuous Resolutions of the Identity 

In this section, let M be a locally compact Hausdorff space satisfying the 
axiom of second countability and A some Borel measure on M. In particular, 
the Borel sets of M coincide with its Baire sets, and A is a u-finite measure. 
We denote the cr-algebra of the Borel sets of M by S(M) and write briefly 

dx := \{dx). 

A family {ux}x&m of unit vectors in Ti is called a continuous resolution 
of the identity of TC if the map x ^ is norm-continuous and there exists 
a number a > such that 



holds where the integral is understood to exist in the weak sense. As we 
shall see in the next section, continuous resolutions of the identity often arise 
from irreducible, strongly continuous projective unitary representations of 
groups; in fact, if g ^ Ug is such a representation of a group Q on 7i and 
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■u G 7i a unit vector, then the vectors Ug := UgU may constitute a continuous 
resolution {"Ugjgee of the identity of Ti. A very important instance of a 
continuous resolution of type {ug}g^g will be discussed in the next chapter; 
it is given by {uqp} (^^^^^^-^2 where Uqp := UqpU, u e H, \\u\\ = 1, and {q,p) ^ 
Uqp := 6*^*^6"*^'^ is an irreducible, strongly continuous projective unitary 
representation of the additive group (essentially, the operators Uqp are 
the Weyl operators). Choosing Ti := i^^(IR, d^) and 

Wqp\{q,p)m? for each o" > 0, a continuous resolution consisting of coherent 
states. For this reason, the vectors Ux of a general continuous resolution 
are called generalized coherent states. — Our account on this topic is close 
to that in the book of E. B. Davies (1976), other interesting references are 
A. M. Perelomov (1986) and S. T. Ah (1985). 

A continuous resolution of the identity of some Hilbert space can be used 
to construct a Hilbert space of continous functions. This remarkable property 
is stated in the context of the next theorem (cf. E. B. Davies, 1976). 

Theorem 4.1 A continuous resolution {ux}xeM of the identity ofH defines 
hounded continuous square-integrable functions and an isometry V: Ti. ^ 
Ll{M,dx) by 



a 

where i/j e H and L%{M,dx) := L|(M,S(M),A). In particular, R{V) = 
VTi is a Hilbert space consisting entirely of bounded continuous functions. 
Conversely, a norm- continuous family {ux}xeM for which the linear operator 
V defined by (4-2) is an isometry from Ti into L'(^{M.,dx), is a continuous 
resolution of the identity ofTi. 

Proof: If {ux}xeM is a continuous resolution, then 

/ \^\'dx =-f mux)\^dx =-f {^\p^j) dx = iiv^ir 

J a J a J 

holds where P^^ := \ux){ux\. Consequently, \E' is a bounded continuous 
square-integrable function, and the linear operator V : 7i ^ L^(M, dx) is 
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isometric. Hence, its range VTi. is a Hilbert space of bounded continuous 
functions. If, conversely, x Ux is norm-continuous and V defined by (4.2) 
is an isometry into iv^(M, dx), then it follows that 

a J 

and hence - f Pu dx — 1. □ 

We remark that, since the cx-algebra S(M) is countably generated and 
the measure A is cr-finite, the Hilbert space (M, dx) is separable. The 
following proposition gives further information on the situation described in 
Theorem 4.1. 

Proposition 4.2 The orthogonal projection P of L'^{M,dx) onto V7i can 
be represented by 

(P$)(x) = J K{x,y)^y)dy^{K{.,xm 

where $ e L^(M, dx) and 

K{x,y) := - {ux\uy) . 
a 

The integral kernel K is bounded and continuous and satisfies 
(i) K{.,y),K{x,.)eLl{M,dx) 
(a) K{x,y) = K{y,x) 
(Hi) K{x, y) = J K{x, z)K{z, y)dz , 

i.e., K is a reproducing kernel. The function x i— > {K{ . ,x)\^) is a continu- 
ous representative of P^. 

Proof: Because of 

\K{x,y)\ = ^ \{ux\uy)\ < ^ \\Ux\\ \\Uy\\ = ^ 

34 



K is bounded, and because of 

\K{x,y) - K{xo,yo)\ < ^{\{Ux\Uy) - (Uxoky)! + IK-ol^^-y) - {Uxo\Uyo)\) 

i^' is continuous. Obviously, K{.,y) = -^Vuy G L|(M, dx), K{x,y) = 

K{y,x), and .) G L^(M, dx) hold. Property (iii) of K follows from 

K{x,y) = ^ {ujluy) and Eq. (4.1) or from 

K{x,y) = ^ = ^ (F-Ua^ly^) 

= - / {Vu,){z){Vuy){z)dz 
a J 

= y K{x, z)K{z,y)dz . 
For $ G -L5;(M, dx) and i/j eHwe have 

(-1/*$!^) = {(^ivip) = {(!>\PVij) 

where F"^ is defined on VH. That is, V* = or, equivalently, VV* = P. 

Hence, 



'ce \ \/a 



= J K{x,yMy)dy. 

In particular, x i— > . , is continuous. □ 



Corollary 4.3 T/ie kernel K is square-integrable with respect to both of its 
arguments, i.e. 



J = J \K{x,y)\'^dxdy < oo 
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respectively, K G L'^{M'^ , dxdy) , if and only if Ti is a finite- dimensional 
Hilhert space. In particular, 7i must be finite- dimensional if the Borel mea- 
sure X is finite; also, Ti is finite-dimensional if M is compact. 

Proof: If and only ii K ^ L^^lM"^ , dxdy) , the projection P is a Hilbert- 
Schmidt operator. Equivalently, its range R{P) = PLq,{M, dx) is finite- 
dimensional, respectively, dimH = dimVTi. = dim P L'^{M , dx) < oo. If 
A(M) < oo, then K e L'^{M'^,dxdy); if M is compact, then, as a Borel 
measure on M, A is finite. □ 

The second statement of the corollary, dimTi < oo if A < oo, can be 
obtained more directly. Namely, assuming dim Ti = oo and using a complete 
orthonormal system {^ijieiN of 7Y, it follows from Eq. (4.1) that 



holds for every n e INT. But an < A(M) for every n is a contradiction. 
Hence, H, must be finite-dimensional. — Consequently, a continuous resolution 
{ux}xeM of the identity of an infinite-dimensional Hilbert space is possible 
only with an infinite measure A and a noncompact space M . 

The spaces Ti and VTi = PL\{M,dx) are isomorphic where, by restric- 
tion of its range, the isometry V can be regarded as a unitary operator. 
Therefore, using the unitary operator y: — > VH, the quantum states and 
observables can be represented by operators in the Hilbert space VH which 
is a space of bounded continuous, square-integrable functions on M, in gen- 
eral a proper subspace of L\{M,dx). Thus, on the one hand, a continuous 
resolution of the identity of V. gives rise to a particular representation of 
quantum mechanics on VH which we call an M -representation of quantum 
mechanics. On the other hand, continuous resolutions can be used to define 
observables as we discuss now. 

Proposition 4.4 Given a continuous resolution {ux}xeM of the identity of 



an 



a 





1=1 



(4.3) 



< A(M) < oo 
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Ti, then, for every Borel set B e S(M), the integral 

F{B) := - / \u:,){u^\dx (4.4) 

exists in the weak sense and defines an observable F on (M, S(M)). 
Proof: From (4.1) it follows that the integral 

$^(0,-0) — - / {(l)K){u^\'(p)dx 
a Jb 

exists for all (f),if) ^Ti. and B G S(M). The sesquilinear functional $b has 
the property |$s('0,'0)| < Wi^W^. By polarization, this implies |$s(0,'0)| < 2 
for II 011, II ^11 < 1. Hence, $s is a bounded sesquilinear functional, and there 
exists a bounded linear operator F(B) satisfying 

$s(0,V^) = (0|i^(5)V') ; 

in particular, F{B) is just the weak integral ^ |'Ua;)(wa;| dx. Since $_b(0, "0) 
= $5(7/^,0) and < $b(^, i)) < Wi/jf, F{B) is self-adjoint and < F{B) < 
1. Moreover, B ^ F[B) is axi observable. □ 

We next show that the integrals (4.1) and (4.4) do exist also in the cr-weak 
sense. Consider the integral (4.4) which contains the other one as a special 
case, and let V = Z^^i ai-P^i where ctj > 0, ||xj|| = 1; ^xi ~ \Xi){Xi\ be 
any positive trace-class operator. Writing |'Ua;)(wa;| = Pu^, we then have 

00 

trV F{B) = J2^^{x^\FiB)x^) 

i=l 

1 °° f 
= / {Xi\Pu.Xi)dx 

= - / tiVPu^dx . 
a Jb 

For an arbitrary self-adjoint trace-class operator V e Ts{7i), we write V — 
— V~ and obtain also 

trVF{B) = - [ trVP^^ dx , (4.5) 
a Jb 
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showing that the integral (4.4) exists in the a-weak sense. 

From (4.5) it follows that the probability distribution of the observable 
F in a state W = E»=i a^P,^. G K{n), P^, = \(l>i){(f>i\, is given by 

P^{B) = trWF{B) = - I {u,\Wu^) dx ; 

a JB 

Py^ has the bounded continuous probability density 

-j^ CXD 

X ^ p{x) := - {U:c\WUa:) = V fti |$i(a;) |^ 

where $i(x) := {V(pi){x) = -^{uxlc/^i)- If W = = \ip){ip\ is a pure state, 
then p{x) = \{Vip){x)\'^ = |\l/(a;)p. Although V is an isometry, the map 
P^ ^ p need not be injective. Still less, the map W ^ p —: TW need be 
injective; that is, T need not be a classical representation on (M, S(M),A), 
reflecting the fact that the observable F need not be statistically complete. 

A trivial example of a continuous resolution of the identity is given by 
a complete orthonormal system {0„}„eiN in an, e.g., infinite-dimensional 
Hilbert space Ti. where M := INT is equipped with the discrete topology and 
\:— K\s the counting measure defined on the power set S(1N) of IN; Eq. (4.1) 
reads 1 = Z^^i \4'n){4'n\ = J \(f>n){<Pn\ dn where dn := K{dn). The isometry 
(4.2) is given by {Vilj){n) := {(pnli^) and is a unitary map from Ti onto the 
sequence space = L'^{f^,dn) := L|(1N, S(1N), /s;). Consider the observable 
(4.4), i.e., B I— > F{B) :— J2n£B I0n)(^n| where B is any subset of IN, and 
define a linear map T: %{l-t) l\i = -^r(1N, dn) by assigning to each W e 
K{H) the probability vector p := {pi,p2, ■ ■ ■) e K{lD := K{¥\, S(N), k) with 
Pn '■= {(f)n\W (pn) ', P is just the density of the probability distribution P^, with 
respect to the counting measure on N. If p G K[l^) is any probability vector, 
then := EZiVp^A. e H, U\\ = 1, and fP^ = p where P^ = \^|J){^P\. 
Hence, T maps K(7i) onto i^(/J^); T is surjective, but not injective (the latter 
can be seen directly by ip := I]5^i(— l)"v^0n, for instance, and TP^ = p). 
Thus, T is not a classical representation on (IN, S(1N), /t), corresponding to 
the fact that the observable F is not statistically complete. The two crucial 
properties of this example, namely, V7i = -Z^|(1N, dn) and F being not statis- 
tically complete, are not independent of each other, as the next proposition 
states more precisely. 
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Proposition 4.5 Let {ux}x£M be a continuous resolution of the identity of 
7i, V the isornetry (4-2), and F the observable (4-4)- If = Lq<{M,dx), 
then F cannot be statistically complete. 

Proof: Let T: Ts{7i) L\^{M.dx) be the linear map that assigns to each 
W e K{7i) the probabihty density x p{x) := ^ {ux\Wux) of P^. For any 
probabihty density p G K{M, dx) := K{M, S(M), A), define functions 

where / is an arbitrary real-valued measurable function on M; we have 
e L%{M,dx) and ||^|| = 1. By means of V'/ ^~^*/, we obtain 
fP^^ = I'i^V'/P = l*/r = P- Hence, fK{rL) = K{M,dx), f is surjective, 
but not injective. In particular, F is not statistically complete. □ 

As we shall see later, if V7i is a proper subspace of Lq,{M, dx), then both 
is possible, i.e., F may be statistically complete or not. 

Finally, we remark that the observable (4.4), based on H, is related to an 
observable that is based on the entire space L^(M, (ix). Namely, if G is the 
observable defined by 

:= xb^ 

where B e 5(M) and ^ e -Zv|(M, dx), then it follows from Eq. (4.2) that 

(^|F(i?)^) = - [ \{uM\'dx= [ \^ix)\''dx 
a JB JB 

= (*|G'(S)*) = {Vi;\G{B)Vi;) = {i;\V*G{B)Vi;) 
holds for all t/j eH. Therefore, 

F{B) = V*G{B)V = V-^PG{B)V . (4.6) 
Introducing an observable F on VTi. by 

F{B) = VF{B)V-^ 
which is unitarily equivalent to F, we obtain 

F{B) = PGmvn = PG{B)P\y^ . (4.7) 
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Eqs. (4.6) and (4.7) show that the POV-measures F and F are related to 
the PV-measure G on a larger Hilbert space. These are particular cases 
of a theorem due to M. A. Naimark which states that every POV- measure 
defined on a suitable measurable space can be obtained from a PV-measure 
on a larger Hilbert space by means of a projection (see E. B. Davies, 1976, 
and the references given there). 

4.2 Continuous Resolutions Induced by 
Group Representations 

Specifying the space M and the Borel measure A, we now replace M by a 
locally compact group Q satisfying the axiom of second countability and A by 
a left-invariant Haar measure n on Q. Again, we briefiy write dg :— fJ>{dg). 

The following theorem is due to the author, however, it is related to some 
theorem in E. B. Davies' account (1976). 

Theorem 4.6 Let g ^ Ug be an irreducible, strongly continuous projective 
unitary representation of Q on H, u E H with \\u\\ = 1, and Ug :— UgU. If 
J \ {ug\ip)\'^dg exists for all ip and is bounded in '4>, i.e., if 

j \{ugm^dg<C (4.8) 
for 1 1 -01 1 < 1; then the integral 

A-=j Wg){ug\ dg 

exists in the weak sense, and A — al holds with some a > 0, i.e. 

l^^J\ug){ug\dg . (4.9) 

In particular, the family {ug}gQg is then a continuous resolution of the iden- 
tity ofTi.. 

Proof: By polarization, we obtain from (4.8) that the integral 

*(0,^) := / {<P\ug){ug\ilj)dg 
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exists and that $ is a bounded sesquilinear functional. Hence, there exists a 
bounded hnear operator A satisfying 

in particular, A is just the weak integral J \ ug){ug\ dg. Moreover, A is a 
positive self-adjoint operator. 
For any h & Q, we have 

{i/j\UHAU*^i;) = {Ul^\AUl^) = j mUnUgu)\Hg 

= / MUngu)\''ii{dg) = J Muug)\\fioH-'){dg) 

where H{g) := h^^g and the invariance of /j, under left translations has been 
used. It follows that 

(V'lt/.AC/,^)^ I MunHig))\'Kd9)^ I \{ug\iP)\'dg ^ i^l^lA^I^) 

holds for all ip &7i. In consequence, 

UhA = AUh 

is valid for all h E Q. Since the projective representation h Uh is irre- 
ducible and A > 0, we obtain A — al with a > 0. Since g i-^ \{ug\ip)\'^ is 
continuous, nonnegative, and positive for some g and some -0, {il^\Ail^) > 
holds for some ip. This imphes a > 0. □ 

We remark that, for a fixed representation g Ug, it possibly depends on 
the unit vector u whether condition (4.8) is fulfilled or not. If condition (4.8) 
is fulfilled for different unit vectors u, the number a may depend on u. In the 
case of the irreducible, strongly continuous projective unitary representation 
{q,p) ^ Uqp of the additive group that will be discussed in the next 
chapter, condition (4.8) is satisfied for all unit vectors u, and the number a 
does not depend on u; however, the observable (4.4) does. 

Suppose that Q is even a compact second countable group, i.e., Q is 
a compact metrizable group. Then the Haar measure fi is finite, and we 
can assume ^{G) = 1. For every irreducible, strongly continuous projective 
unitary representation g Ug of Q on some Hilbert space 7i and every unit 
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vector M, condition (4.8) is automatically fulfilled with C = 1, and {ug}g^g 
is a continuous resolution of the identity. Assume dimTY = oo. Taking 
account of Eq. (4.9) and using a complete orthonormal system {0i}i6N of Ti-, 
we obtain, for every n e IN, 

'i=l i=l 

which is a contradiction. Hence, dimTi < oo (compare Corollary 4.3 and the 
reasoning (4.3)). In particular, we have shown the well-known fact that the 
Hilbert space on which an irreducible, strongly continuous projective unitary 
representation of a compact second countable group is based must be finite- 
dimensional. Furthermore, with dimTi =: N and \ug){ug\ — it follows 
that 

aN = tr A = j tr Pu^ dg = 1 
and consequently a — j^. Hence, Eq. (4.9) reads 

1 = TV j \ug){ug\dg ; 

in particular, for a compact second countable group, a does not depend on 
u. 

Returning to the general situation of Theorem 4.6, we finally consider the 
observable defined by {ug}g^g according to Proposition 4.4. This observable 
on (^,S(^)) is given by 

F{B) -1/ \ug){ug\dg. 

An easy calculation using the left-invariance of shows that 

F{gB) = UgF{B)U^' (4.10) 

holds for every g & Q and every B G S(^). That is, the observable F 
transforms covariant under the representation g ^ Ug of Q. 
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Chapter 5 



Joint Position-Momentum 
Observables 



According to Theorem 2.2, there exist single statistically complete quantum 
observables, and according to Theorem 3.3, there exist classical representa- 
tions of quantum mechanics on some sample space fl. The special case of 
Q being the phase space is significant. An important class of observables on 
phase space can, according to Proposition 4.4, be obtained from a particular 
class of continuous resolutions of the identity. Those so-called joint position- 
momentum observables are the subject of this chapter; as will be discussed 
later, they are often statistically complete, thus giving rise to classical rep- 
resentations of quantum mechanics on phase space. 



5.1 Approximate Observables for Position 
and Momentum 

Let ii^ be a PV-measure defined on the Borel sets S(R^) of R^. We inter- 
pret E as an "ideal" observable that does not take the imprecision of real 
measurements into account. To involve this imprecision, we assume that a 

real measuring apparatus for E has an intrinsic inaccuracy which can be 
described by a probability density r] on in the following sense. The prob- 
ability that the apparatus indicates a value in the set B e S(IR^) for systems 
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in the state W e K{n) is 



j^jr]{y-x)trWE{dx)d^y = j j XB{y)ri{y - x) d^yiTWE{dx) (5.1) 

where d^y := X'^{dy) and is the iV-dimensional Lebesgue measure on 
S(R^). Note that r] > a.e. and J J r]{y - x) d^ytYWE{dx) = 1. We call 7] 
the confidence function of the measuring apparatus. The smaller the variance 
of ?7, the better the probabihty (5.1) approximates tj:WE{B). The second 
integral of (5.1) can be written as 

I{XB*V{-- tr WE{dx) ^tr{w j XB*r]{-.) dE^ 

where Xb * v{~ ■) is the convolution of the characteristic function Xb smd 
the reflection oi rj, < xb * • ) ^ 1> I Xb * ■ ) dE exists in the 
(7- weak sense. Moreover, G defined by 

G{B) := J XB*v{--)dE (5.2) 

is a normalized POV-measure on (R^,S(R^)). 

By construction, the probability distribution of the observable G in the 
state W is given by 

P^{B) = tr WG{B) = J^j7]{y-x) tr WE{dx) d^y . (5.3) 

Since 

P^{B)^tj:WE{B)^P^{B) 

holds where the approximation is good for a confidence function with small 
variance, we call G an approximate E-observable with confidence function r) 
and interpret it as a realistic substitute for E. — The idea of approximate 
observables in the sense of Eq. (5.2) is due to E. B. Davies (1970, 1976); 
confidence functions in order to describe "unsharp measurements" were in- 
troduced by S. T. Ah and E. Prugovecki (1977a; cf. also E. Prugovecki, 1984). 
The interpretation of approximate observables in the sense of Eq. (5.1) was 
given in the paper of S. Gudder, J. Hagler, and W. Stulpe (1988). 

Now let = 1. If the expectation values {E)y\/ = J xP^{dx) and 
iv) = / yv{y)dy as well as the variances yshwE = J{x — {E)w)^Pw{dx) = 
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jx^P§{dx) - {E)l^ and var?7 = j{y - {r])fr]{y)dy = j y'^ri{y)dy - {rff exist, 
then {G)w = !yP^{dy) and variyG = !{y- {G)wfP^{dy) = Iy^P^{dy)- 
(G)^ exist also where 

{G)w^{E)w+{v) (5.4) 

and 

vaxwG — vaxwE + var rj (5.5) 
hold. Namely, using (5.3), we obtain 

{G)w = j y j v{y- x)Pw{dx)dy 
= I l{x + y)rj{y)dyP^{dx) 
= J xPwidx) + j y'n{y)dy 

and 

varwG = Jy^ Jri(y-x)P^(dx)dy-{G)l, 

= I + 2/)2r;(y)dyP^(dx) - (G)^ 

= / a;^P^(da;) + J y'v{y)dy + 2{E)w{v) - mw + {v)f 
— vaxwE + var rj . 

Finally, consider the Hilbert space H := Ll{R^ , d^x) = L|(R^, S(R^), 
A^). Then an N -dimensional position observable as a PV- measure on 
S(1EI'^), can be defined by 

E'^{B)^|;■.= XB^I^ (5.6) 

where B e S(R^) and ijj ^ H. An N -dimensional momentum observable E^ 
is given by 

E^'iB) := F-^E^{B)F (5.7) 

where F denotes the Fourier transformation in 7i = L^(R^, rf-'^x). In the 
case of E'^, is interpreted as configuration space, whereas in the case of 
E^, is interpreted as momentum space. According to 

G^{B) := Jxb* rf{- ■ ) dE^ (5.8) 
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an approximate N -dimensional position observable with confidence function 
rp is defined and according to 

:= / * r/^(- . ) dE^ (5.9) 

an approximate N -dimensional momentum observable with confidence func- 
tion rj^ . 



5.2 Joint Position-Momentum Observables Gen- 
erated by Wave Functions 

The following theorem is the basis for the definition of joint position- momen- 
tum observables; we presuppose that Ti, — Ll,{^^ ,d^x). 

Theorem 5.1 For each q = {qi, . . . , gjv) G and each p = {pi, . . . ,Pn) G 
R^, define a unitary operator by 

(N \ f ^ \ ^ 

H e'P^^i n e"'"''^' = n e^^^^^e"**^^- (5.10) 
j=i ) \j=i ) j=i 

where Qj and Pj are the usual operators for position and momentum. Let 
u & Ti. be any function of norm 1 and define Uqp :— UqpU, i.e. 

Ugp{x) := e*^'^u(a: - q) . 

Then {q,p) i— > Uqp is a norm- continuous map on Wi^^ , and 

1 = J M M d\ d% (5.11) 

holds where the integral is understood in the weak sense. That is, for every 
u & 7i with \\u\\ = 1, the family {uqp} (^gp^^^2N is a continuous resolution of 
the identity ofTi with normalization constant a — {'^n)^ . 

Proof: The norm-continuity of {q,p) ^ Ugp = UqpU follows easily from 

the fact that qj i— > e~**^^' and pj i— > e"*^^''^ are strongly continuous one- 
parameter groups of unitary operators. To prove Eq. (5.11), let ifj E 7i be 
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(5.12) 



arbitrary. By Fubini's theorem, we obtain 

= J \u{x)\^ J \i;{x + q)\^d\d''x 

= J J \u{x-q)'il^{x)\^d''xd\ ■ 

in particular, Il( . — q)ip G L|(R^, d^x) for almost all g G IR^. Furthermore, 
Tl( . — q)'il^ G Lj.(R^, (i^x) for all q G IR^. Denoting the unitary operator of 
Fourier transformation by F, it follows that 

F(u(.-qU)(p) = , ^ I e-'P-^'uix - qUjx) d^x 



1 



1 

7(2^ 



y Uqp{x)il}{x) d^x (5.13) 



and 

y \u{x - q)i}{x)\^ d^'x ^ j \F{u{. - q)i}){p)\^ d% (5.14) 
hold for almost all q. Now, (5.12), (5.14), and (5.13) imply 

im) = / j j^\{u,,m'd''pd\ 

J MMd^d^p -0^ . 



□ 



Since {q,p) ^ Uqp is an irreducible, strongly continuous projective uni- 
tary representation of the additive group with Haar measure A^^, one 
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could, without using Theorem 5.1, try to apply Theorem 4.6 to the family 
{"^qp} {q,p)eu^^ ■ Then one had to prove condition (4.8). Actually, Theorem 5.1 
states that, for every unit vector u, (4.8) is satisfied and (4.9) is vahd with 
a — (27r)^. We remark further that the statement of Theorem 5.1 holds 
whenever Ugp is defined according to (5.10) by operators Q'j and Pj in Ti' 
being unitarily equivalent to Qj and Pj in Ti, i.e., whenever Q'- and P'j give 
rise to an irreducible representation of Weyl's commutation relations. Fi- 
nally, the operators Ugp are essentially the Weyl operators which are usually 
defined according to 



N 



Ufp e'^'i-^+P-^^ = e''-^ [] e'^^^^ e''^^^^ ; (5.15) 



in fact, 
respectively. 



IjW ^ i^-^jj 



TJ — 2 /"/l^ 

Ugp — e u_qp 



Analogously to the operators Ugp, {q,p) i— > U^ is an irreducible, strongly 
continuous projective representation of lEl^"^, and {u^}(^qp)^^2N with :— 
U^u and \\u\\ = 1 is a continuous resolution of the identity. 

According to Proposition 4.4, the continuous resolution {uqp} p-^fz^2N in- 
troduced in Theorem 5.1 defines an observable F on (R^^, 5(1R^^)) by 

F{B) := \u,,){ugp\ d^d'^p . (5.16) 

The probability distribution of F in a state W e K{H) is given by 

PwiB) = Jjugp\Wugp) d^d^'p ; 

P^r has the bounded continuous probability density {q,p) i— > p{q,p) '■— 

(27r)JV {''^qpl^'^qp)- 

The physical interpretation of the observable (5.16) is based on the fact 
that its marginal observables are approximate observables for position and 
momentum. The marginal observables of F are defined by 

F«(6) := F(6xR^) (5.17) 
F^{b) := F{U^xb) (5.18) 
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where b G S(R^). From (5.17) and (5.16) it follows by means of (5.13) and 
(5.14) that 

^ JJ \u{x-q)i;{x)\^d''xd\ 
= / lxb(qMx-q)\'d''q\^j^(x)\'d''x 
- [iXh*\u\'){x){i;\E'^{dx)i;) 
Xb*\u\'^dE^ 



Thus, 

Xb * \ufdE'^ , (5.19) 

and, according to (5.8), F*^ is an approximate position observable with con- 
fidence function |«(— .)p. To derive the corresponding result for F^, let 
u and i/j be the Fourier transforms of u and respectively. A calculation 
analogous to (5.12) shows that u{ . - p)ip e Lj,(R^, d^k) n L^(1R^, d^k) for 
almost all p e R^. Then 



(27r)^ 7(27r)^ 



, ^ I e''i-^uik - pU(k) d^k (5.20) 



= F{u{. -p)i^){-q) 

holds for almost all p where u^p{k) = e~^'^'''u{k — p) and F is the Fourier 
transformation in L|(1R^, d^fc). Furthermore, 

F{u{ . - p)ij){q)\^ d\ = J \u{k - p)'0(A;)P d'^k (5.21) 

is vahd for almost all p. Now, using (5.18), (5.16), (5.20), and (5.21), we 
obtain 
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= jj \F(u{. -p)i;){q)\^d\(fp 
^ jj \'^{k-p)^{k)\''d%d''p 

= / j xmu{k - p)? d'^pim? d^'k 

= l(Xb*\u\')(k){i^\E''{dk)i^) . 

Hence, 

F''{b)^ lxi>*\u\'dE'' , (5.22) 

and, according to (5.9), is an approximate momentum observable with 
confidence function |m(— . )p. 

The approximate position observable F'^ and the approximate momen- 
tum observable F^ can be measured jointly (simultaneously) by one mea- 
suring apparatus representing the observable F. We call F a joint position- 
momentum observable and interpret as phase space. According to the 
terminology of G. Ludwig (1983), F'^ and F^ are coexistent approximate ob- 
servables for position and momentum. However, the better F'^ approximates 
the worse F^ approximates E^, and conversely. 

Joint position-momentum observables were, on the basis of Theorem 5.1, 
introduced by E. B. Davies (1970, 1976) and A. S. Holcvo (1973). Although 
attempts to describe joint position-momentum measurements in quantum 
mechanics had already been made earher, the aproaches of E. B. Davies and 
A. S. Holevo have been the first rigorous ones. 



5.3 Joint Position-Momentum Observables Gen- 
erated by Density Operators 

The type of joint position-momentum observables introduced in the preceding 
section can be generahzed. Namely, in Theorem (5.1) and Eq. (5.16), the 
unit vector u can be replaced by an arbitrary density operator a e K{Tl). 
Defining 

oo 

dqp UqpaU*p = ^ Xi\Ui^qp) {Ui^qpl (5.23) 
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with Uqp according to (5.10), a = J2°Zi \i\ui){ui\, X, > 0, J2°ZiXi = 1, 
||tti|| = 1, and Ui^qp := UqpUi, we have that {q,p) ^ aqp is a trace-norm 
continuous map on satisfying 



(5.24) 



Moreover, an observable F on (R^^, S(El^^)) is defined by the weak integral 

F{B) ^ aqp d\ d^'p . (5.25) 

This definition of an observable is a consequence of Eq. (5.24) which itself fol- 
lows immediately from (5.11). The statement on the trace-norm continuity, 
however, needs a proof. 

To that end, consider any {q,p), {qo,Po) € R^"^. Then, for a sufficiently 
large n e N, 



I '^qp '^qopo 1 1 tr 



^,qQPo I 



tr 



< 



'^ii\'^i,qp) {'^i,qp\ \'^i,qopo) ('^«,9opo I) 



i=l 
n 



tr 



e 

+ 2 



holds where Lemma 3.5 has been used. The norm-continuity of {q,p) 
Uqp implies the existence of a 5{e;qo,po) such that ||u 



t,qp 



.qopo I 



< I for 



{q,p) - {qo,Po)\\ < <^(e; qo,Po) and each i = 1, . . . , n. Hence, 



I (^qp ^qopo 



Itr < 77 E + O < 



for ||(g,p) — (90)Po)|| < 5(e; qo,Po), and (g,p) a^p is trace-norm continuous. 

Analogously to the integrals (5.11) and (5.16), the integrals (5.24) and 
(5.25) do exist also in the cr-weak sense. This follows from the conclusion 
leading to Eq. (4.5) when the one-dimensional projection P„^, respectively, 
Pugp is replaced by the density operator aqp. In particular, the probability 
distribution of the observable (5.25) in a state W e K{7i) is given by 



Pw(B) = ^ J^trWaqpd\d''p 
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where {q,p) ^ p{(l,p) '■= (2^)^' ^<^qp is a bounded continuous probabihty 
density. Note that, independently of W E K{7i), p{q,p) < (2^^" ^or all 
(g,p)elR^^. 

Prom Eqs. (5.23), (5.19), and (5.22), we obtain that the marginal observ- 
ables of the observable (5.25) are given by 

„ oo 

i=l , . 

(5-26) 

F''{b) = \xb^Y.H^i?dE^ 



where h E S(R^). A gam, and are approximate observables for 
position and momentum, respectively, and F can be interpreted as a joint 
position-momentum observable. 

Next we consider the transformation properties of the observable (5.25) 
and the special case (5.16). According to Eq. (4.10), the observable (5.16) 
transforms covariant under the projective representation (q,p) i— > Uqp of R^^, 
i.e., 

F{B + {qo,po)) = U,,,,F{B)U-l^ (5.27) 

holds for every {qo,Po) E R^'^ and every B E S(R^^). Eq. (5.27) is also valid 
for the general observable (5.25) and is in particular a consequence of the 
invariance of the Lebesgue measure A^^ under translations. Since A^^ is also 
invariant under rotations and reflections, there is a further covariance prop- 
erty of (5.25), provided that the density operator a is spherically symmetric. 
The latter means that 

a = UnaU^i 

holds for all orthogonal matrices R E 0{N) where R i— >■ Ur is the unitary 
representation of the orthogonal group 0{N) defined by 

{URi^){x) -.^i^iR-'x) , 

ip E H — -Lgi(R^, d^x). The spherical symmetry of a and the obvious relation 

URq,Rp = URUqpU^^ 

imply that 

URaqpU}, (5.28) 
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for all {q,p) e R^^ and all R e 0{N). From the invariance of A^^ under 
0{N) and Eq. (5.28) it then follows that the observable (5.25) transforms 
covariant under the representation R i— > Ur, i.e., 



is vahd for every R e 0{N) and every B e S(1EI^^) where RB := {{Rq, Rp) 
{q,p) E B}. 



Wc remark that the spherical symmetry of the unit vectors Ui is sufficient 
for the spherical symmetry of the density operator a = J2^i ^i\'iJ'i){ui\, but 
not necessary. A vector u E H — I/j,(lR^, d^x) is spherically symmetric if 
u — Uru for all R e 0{N); equivalently, u{x) — u{Rx) for all x e and 
all R e 0{N), respectively, u{x) = u{\\x\\) where denotes the Euclidean 
norm of x. Analogously to (5.28), a spherical symmetric vector u satisfies 
URq,Rp = URUqp. — Summarizing, joint position-momentum observables gen- 
erated by spherically symmetric density operators have the transformation 
properties (5.27) and (5.29), that is, they transform covariant under Galilei 
transformations. 

Our joint position-momentum observables are particular instances of more 
general phase-space observables, i.e., of observables on (R^^,S(R^^)) having 
the covariance property (5.27). The paper of S. T. Ali and E. Prugovecki 
(1977a) provides information on such more general observables; we give some 
remarks. The covariance property (5.27) of a general phase-space observable 
F implies that its probability distributions P^^ are absolutely continuous with 
respect to Lebesgue measure, i.e., each P-^/ has a probability density p. An 
arbitrary observable F on (R^^, H(]R^^)) is said to have an operator-valued 
density {q,p) i— > Oi{q,p) E Bs{TC) if 



holds for all B E S(R ) where Q:{q,p) > for almost all {q,p) E R and 
the map a is weakly integrable. If a phase-space observable possesses an 
operator- valued density, then a is necessarily of the form a{q,p) = UqpAU~p 
with A being a positive bounded self-adjoint operator; in particular, a is 
strongly as well as c-continuous. Conversely, if for some A E Bs{H) with 
A>Q, {q,p) ^ <y{q,p) '■= UgpAU~p is the operator-valued density of an ob- 
servable F, then F is a phase-space observable. Furthermore, a phase-space 



F{RB) = UrF{B)U, 



(5.29) 
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observable with an operator-valued density has the covariance property (5.29) 
if and only if is a spherically symmetric operator, i.e. A = UrAUji^ for all 
R e 0{N). Finally, a phase-space observable F possesses an operator- valued 
density if and only if all its probability distributions can be represented 
by continuous functions. 

There are phase-space obscrvables with an operator-valued density which 
are generated by an operator A G Bs{'H) that is not a positive trace-class 
operator. The property A — ^ with a e K{TC) guarantees that the 
generated phase-space observable is a joint position-momentum observable, 
i.e., the marginal observables are approximate observables for position and 
momentum. Thus, the observables (5.25) play a distinguished role under 
all phase-space observables. For a broad discussion of the physical aspects 
of joint position-momentum measurements based on Eqs. (5.25) and (5.26), 
it seems to be mandatory to mention also the work of F. E. Schroeck, Jr. 
(1981), P. Busch and P. J. Lahti (1984), P. Busch (1985, 1987), and P. Busch, 
M. Grabowski, and P. J. Lahti (1995). 



5.4 An Uncertainty Relation 

We conclude this chapter with the discussion of an uncertainty relation for 
joint position-momentum measurements on the basis of Eqs. (5.25) and (5.26) 
for A/" = 1 (cf. S. Gudder, J. Hagler, and W. Stulpe, 1988). We assume that 
the expectation values and variances of the ideal observables and 
in the state W G K{7i) as well as the expectation values and variances of 
the confidence functions rP := Z^^i \i\ui{— . )p and r]^ := J2iZi Xi\ui{— . )p 
exist. From 

„ CO / „ oo \ 2 

varry'^ ^ J y^YlXi\ui{y)\^ dy - yj yY,^Xi\ui{y)\'^ dyj 

= J yHiaE^{dy) - (^J y tr aE^ {dy)^ 

= var„^^ , 

var r)^ — YdiXaE^ , 
and the usual uncertainty relation it follows that 

YQxrpYQxr]^ > ^ . (5.30) 
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Moreover, 

wwwE^WBXwE^ > ^ (5.31) 

holds. For numbers ai, 02, &i, ^2 > 0, an application of the Schwarz inequality 
yields 

(ai + 02) (61 + 62) > (ya^^/h + V^\/&2^ • 

If aibi > I and 02^2 > |, we have 

(ai + a2)(6i + 62) > 1 ■ (5.32) 

Thus, from Eq. (5.5) and (5.30) - (5.32) we obtain 

var^yF^ varn^F^ > 1 (5.33) 

which is an uncertainty relation for the coexistent approximate observables 
for position and momentum that are related by the joint position-momentum 
observable F. 

The usual uncertainty relation 

AwE^^AwE^y^ (5.34) 

for the complementary observables E^ and E^ states that it is impossible to 
prepare a state (i.e. a statistical ensemble) W G Kili,) such that the product 
of the standard deviations of E^ and E^ is smaller than i. In particular, this 
lower bound can be attained. However, (5.34) refers to ideal measurements 
of E^ and E^ and does not take into account any measuring inaccuracy. 
The imprecision of real measuring apparata for position and momentum is 
involved in the approximate observables G*^ and according to (5.8) and 
(5.9). From (5.5) it follows that 

AwG'^AwG^>]^. 

This inequality refers to real separate measurements of position and momen- 
tum. Since the variances of the independent confidence functions vp and rj^ 
can be made arbitrarily small, the uncertainty product Ay/G^ AwG^ can, 
for suitable states W , approach its lower bound arbitrarily closely. For joint 
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position-momentum measurements, the confidence functions become depen- 
dent, and their variances cannot simultaneously be made arbitrarily small; 
inequality (5.33) implies 

Aw.FQ AvkF^ > 1 . 

That is, the lower bound of the uncertainty product for joint position- 
momentum measurements is twice as large as that for separate ideal measure- 
ments. This fact seems to be fundamental since it is due to the approximation 
of complementary observables by coexistent ones. 
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Chapter 6 

Phase-Space Representations of 
Quantum Mechanics 

For systems with configuration space R^, the continuous resolutions of the 
identity introduced in Theorem 5.1 give rise to two formulations of quan- 
tum mechanics that are related to the classical phase space R^^. The first 
formulation is based on Theorem 4.1, it refers to a Hilbert space of wave 
functions on phase space and is unitarily equivalent to the usual configura- 
tion space representation. The second formulation is based on statistically 
complete joint position- momentum observables and concerns the reformula- 
tion of quantum mechanics in terms of probability densities and functions 
on phase space. In this chapter, we discuss the first formulation; the second 
one will be discussed in the next chapter. 

6.1 Hilbert Spaces of Continuous Wave Func- 
tions on Phase Space 

Let rt = Ll(R^,d^x). According to Theorem 5.1, every unit vector u G 
7i defines a continuous resolution {uqp} (^g,p^^^2N of the identity of 7i by 
Uqp '■— UqpU. Moreover, according to Theorem 4.1, an isometry V: Tl ^ 
Ll{U'^^,d^qd^p) is defined by 

{Vm,P) -7=^{u<iM ■ (6.1) 
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The Hilbert space VTi. consists of bounded continuous, square-integrable 
functions on the phase space ]R^^ and is isomorphic to H. Correspond- 
ing to a terminology introduced in Section 4.1, VH gives rise to an R^^- 
representation or phase-space representation of quantum mechanics. 

In physical terms, VTi is a Hilbert space of wave functions on phase 
space, the normalized wave functions describing pure states. To obtain an 
interpretation for the probability density of a wave function ^' G VTi, 
II ^11 = 1, consider the joint position-momentum observable F introduced in 
Section 5.2. This observable is based on H and is given by 

F{B) = \u,,) {u,,\ A d^'p (6.2) 

where B e E{R^^). In a state W e K{H), the probability distribution of F 
reads 

PwiB) = l^(^u,p\Wu,p) d^d'^p^ l^piq,p)d\d''p , 

(QtP) ^ Pil^p) — (27^)^r {uqp\Wuqp) being a bounded continuous probability 
density. For a pure state W — — we obtain 

where \1' = Vil^. That is, is the probability density of the joint position- 
momentum observable F in the pure state ^ = Vip. 

We stress two properties of our phase-space representations. First, the 
Hilbert space VTi. of wave functions on phase space is a proper subspace 
of the Hilbert space L%{B?^ ,d^qd^p) of all square-integrable functions on 
phase space. Second, for \& G VH with ||^|| = 1, is a probability den- 
sity on phase space whose marginal densities are only approximations for the 
quantum probability densities of position and momentum. The first prop- 
erty is a consequence of the continuity of the wave functions ^ G VH. (and 
also, if the observable (6.2) is statistically complete, a consequence thereof; 
cf. Proposition 4.5), whereas the second one is related to the fundamental 
fact that in quantum mechanics position and momentum are non-coexistent 
observables. 
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6.2 Hilbert Spaces of Infinitely DifFerentiable 
Wave Functions on Phase Space 

In the next section we investigate the operators of position and momentum 
in phase-space representation, i.e., we derive exphcit expressions for the op- 
erators VQjV~^ and VPjV~^ where Qj and Pj arc the usual operators of 
position and momentum, respectively, and V defined by (6.1) is understood 
as the unitary operator V: 7i ^ V7i. To that end, the following two lemmata 
are needed which, moreover, enable us to discover a class of Hilbert spaces 
of infinitely differentiable functions. The results of this section, in particular 
Theorem 6.3, are due to the author. 

Lemma 6.1 Letv E S'(c(lR^) be a Schwartz function, i.e. an infinitely differ- 
entiable function of rapid decrease, and letvqp(x) :— e^^'^v{x — q), q,p E R^. 
Then, for every &TI, 

Q p 

-Q^Vqp{x)il{x) d^X = J Vqp{x)'il){x) d'^X 

(j ^1,...,N) holds. 
Proof: Wc have 

ft— >0 

where Sj is the j-th vector of the canonical basis of and 

f.{x) _,-^. M--^ + he|)-v{x-q) . ^^^^^ 

q and p are fixed. We show that the measurable functions fh, h ^ 0, are dom- 
inated by some squarc-intcgrable function. Using the mean value theorem of 
differential calculus, we obtain 

fu(x) = -e-'P-^-^ix - q + Ce,) = -e-^'-«;(x - q + ^Sj) (6.5) 
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where ^ depends on x — q and h, Q < \^\ < \h\, and w :— ^ G S'(c(R^). The 
latter imphes that 

\wiy)\\y\n<l (6.6) 

holds for III/ 1 1 > R, \\y\\ denoting the Euclidean norm oiyeR^. Without loss 
of generality, we can assume \h\ < 1. Thus, |^| < 1 and \\q — ^ej\\ < \\q\\ + 1. 
Then, if ||a;|| > R+\\q\\ + l, 

\\x-q + iej\\ > I Ikll - Ik - ^e^'ll I = ||a;|| - 11^ - ^CjII 
> ||x||-(||g|| + l)>i? 



holds. From this and (6.6) it follows that 

1 

k-? + ee,IP^ ^ (|N|-||g||-l) 



wix-q + ee,) I < „ , U2N < nuii_iuii_i^2iv (6-7) 



is valid for ||x|| > R + \\q\\ + 1. 
Define 



g{x) := < 



^ for 11x11 > R + \\q\\ + 1 



2N 



NI-IMI-1) 

max |w(y)| for ||a;|| < R + \\q\\ + 1 . 



Then, by (6.5) and (6.7), \fh{x)\ < g{x) holds for \h\ < I and all x E R^. 
Furthermore, g is square-integrable with respect to the Lebesgue measure 
on (and also integrable). Hence, for any t/j e L^(R^,d^a;) we have 
gip e Lg.(R^, d^x) and \fhip\ < g\i^\- Now, from Eq. (6.3), Lebesgue's 
dominated convergence theorem, and (6.4) we conclude 



j -^Vqp{x)'il){x)(fx = J lim{ fh{x)'ip{x)) d 



dq_ 



""x 



lirti / fh{x)^{x) d^x 



_ f ^..,. v{x-q + hei)-v{x-q) 
h^oj h 

lini — (^J e"*^'^v(a; - {q - hej))tp{x) d^x 
- J e-'P-'^vix - q)i;{x) d^x^ 
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j Vqp{x)'ll:{x) d^X . 



d_ 
dqj 



□ 



Lemma 6.2 If v e -S(c(]El^) and ijj eH, then 

Q r 

— Vqp{x)ilj{x) d^X = J Vqp{x)'llj{x) d^X 

(j = 1,...,N) holds. 
Proof: Write 

d 

—Vqp{x) = hmfh{x) (6.8) 

where 



h 

Using the mean value theorem of differential calculus, we obtain 



d 



fh{x) = ^Vqp{x) 



= -iXje-'^+^'^^'^vix - q) 



where < |^| < It follows that 

\fh{x)\ < \xjv{x -q)\-. g{x) 

with g e L%{R^,d^x) holds. Now, from Eq. (6.8), the dominated conver- 
gence theorem, and (6.9) we conclude 

/ -^Vqp{x)il){x) d^x = J \im{fh{x)i/j{x)) d^x 



dp 

= lim / fh{x)^p{x) d^x 

Q r 

^ 'dp 1 '^iP^^^'^^^^ '^^^ • 



□ 
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Proceeding similarly as in the proofs of Lemmata 6.1 and 6.2, one 
can prove that, for v G S'(e(]R^) and ip E 7i, the function 
J Vqp{x)ip{x) d^x is continuous. However, it is already clear that {q,p) ^ 
J Vqp{x)il>{x) d^x — is continuous even for all e 7i since Vqp — UqpV 

with Uqp according to Theorem 5.1 and {q,p) i— > Uqp is strongly continuous. 
Using Hilbert-space arguments, we have also alternative, shorter proofs for 
Lemmata (6.1) and (6.2). Namely, for v G 5'([;(R^) we obtain, since 5(0(11^) 
is contained in the domain D{Pj) of the momentum operator Pj, 



■^Vqp{x)ij{x) d^x = / ( - Q) ] e^'^-'-^i^ix) d^x 




J 

Q p 

^ 'dq J ^^p'^^)^^^) ■ 
Analogously, one can prove Lemma 6.2. 

Theorem 6.3 Let v G S'(n(R^) and E Ti. Then the function x 
^^-——^Ti:7Vnr,{x)'>h{x) is Lebesgue-integrable, (q,p) ^ J Vqp(x)'dj(x) d^x is an 

dq^...dp^" 

infinitely differentiable function, and 

Qh + ...+l2N Qh+---+l2N /• 

Vqp{x)ij{x) d^x = I Vqp{x)i(j{x) d^x (6.10) 

'n 



dq['...dp%'' ^ dq{' ...dp]'" 



(li, . . . , I2N = 0, 1, 2, . . .) holds. In particular, if u E S'(c(lR^) and \\u\\ = 1, 
then G C^{B}^) with V according to (6.1). 

Proof: We denote any differential operator ^ \^ ~^'f^.r of order n := li + . . .+ 

dq^...dp^'^ 

I2N1 n = 0, 1, 2, . . . , briefly by 5". By induction over n, we prove that, for all 
V G S'(c(R^) and all i/j E H, the function (g,p) h- >• / Vqp{x)'ijj{x) d^x belongs 
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to C2(R^^) where (6.10) is satisfied. For n = 0, this statement is obviously 
valid. Now suppose that it holds for all n < m. Taking account of 

d Ov 

where w :— — ^ G 5'(c(lEl^), we obtain from the induction hypothesis and 
Lemma 6.1 that 



dq 



^ d"" j w^p{x)i^{x) d^x 



The continuity of {q,p) ^ d"'' J Wgjj{x)ip{x) d^x implies that of {q,p) i— > 
/ Vqp{x)ip{x) d^x] in consequence, 

j d^'—^^J^i/jix) d^x = —d"" j M^^(^) ■ (6-11) 
To prove the analog of (6.11) for notice that 



where w{x) := ixjv{x) and tv G 5'(i;(R^). For two functions / and g of one 
real variable being /c-times differ entiable and satisfying /" = 0, the differen- 
tiation rule 

holds. Applying some analogous rule, we obtain 

d'^—Vqp{x) = d'^{wqp{x)+iqjVqp{x)) 

OPj 
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oq- 

= d'^Wqpix) + iqjd^Vqpix) + ilj^r^d'^-^^Vqpix) 

dq/ 

= d^'Wgpix) + iqjd^'Vgpix) + lljd^'-'Vgpix) 

where Ij is the number of differentiations with respect to qj contained in 
9™. Using the latter result, it follows from the induction hypothesis and 
Lemma 6.2 that 

d 

d"^T^v„Jx)ilj(x) d^x 

OPj 



j {d^'wqpix) - iqjd^'vgpix) - iljd"'~^Vqp{x))ij{x) d^x 



— 5™y Wqp{x)ilj{x) d^x — iqjd"^ J Vqp{x)%lj{x) d^x 

- iljd""-^ J ^^^J^^jj{x) d^x 
^ d"^ J €^^)ij{x) d^x - id"' (^qj J ^iJ^)ij{x) d^x 
= d"^ j {wqp{x) + iqjVgp{x))ij{x) d^x 
= 5™! ^^^iJ^ijix)d''x 



Again, {q,p) i— > d^-^ J Vgp{x)ip{x) d x is continuous; in consequence, 

j ^""^VR^I^) = Q-d"" j M^^(x) d^x . (6.12) 



Prom (6.11) and (6.12) it follows that {q,p) i— > 5"*/ Vgp{x)ip{x) d^x has 
continuous partial derivatives, i.e., {q,p) ^ J Vgp{x)'4^{x) d^x is (m + l)-times 
differentiable. Moreover, by (6.11) and (6.12), Eq. (6.10) holds for n = m + 1. 

Hence, for every n = 0, 1, 2, . . . , the function {q,p) ^ J Vqp{x)'i/j{x) d^x be- 
longs to C(g(R^^) and satisfies (6.10). In particular, this function belongs to 
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2N\ 



□ 



By Theorem 6.3, the space VH is a Hilbert space of bounded infinitely 
differentiable, square-integrable functions on phase space, provided that u is 
a Schwartz function. Of course, if ^ G VTi, then its partial derivatives do 
in general not belong to V7i and need even not be square-integrable. The 
following proposition gives some information about that. 



Proposition 6.4 Let u G »S'([;(]R ) and \\u\\ = 1, and let V be the corre 

dq 



spending isometry according to Eq. (6.1). Then, for each ^ G VH, |^ G 



L2 (]R2iv, d^'q d^'p) holds (j = l,...,N). 
Proof: From 



we obtain, using Lemma 6.1, 



dqj 



27r)^ J V 



du 
dx-i 



'x — q) d^x . 



Defining vj — — we have v G 5'(n(]El^^), Vj ^ 0, and thus \\vj\\ ^ 0. Hence, 



dqj 



(27r) 



N 



{UqpVj 



U, 



qp 



(6.13) 



= \\v,\\iV,ilj)iq,p) 

where, according to (6.1), Vj: Ti. L'^(J\^^ ,d'^qd^p) is the isometry corre- 
sponding to ipTy In particular, |^ G L'^i^^ ,d^qd^p). 



□ 



We are going to consider the analog of Eq. (6.13) for Using Lem- 
ma 6.2, we obtain 

dp 3 J(27r)^ J 
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Now the definition Wj{x) := ixju{x), wj e S'(c(R ), wj ^ 0, yields 
9^ 1 



^ / A==T7KpI 



'mKli; 7 (6.14) 



where Vj is the isometry corresponding to In particular, because of 

the factor qj in (6.14), one cannot conclude that ^ e I/|(]R^^, d^g d^p). 
However, we shall see that, as a consequence of Proposition 6.5, even ^ e 
VH holds if belongs to a suitable dense subspace of VH. 



6.3 Position and Momentum in Phase-Space 
Representation 

The next proposition now states how the operators of position and momen- 
tum act in phase-space representation (cf., e.g., E. Prugovecki, 1984). 

Proposition 6.5 Let u G ^'(^(lEl''^) and \\u\\ = 1, and consider the isometry 
according to Eg. (6.1) as unitary operator V: Ti. ^ VTi. Then the operators 
VQjV~^ and VPjV~^, j = 1, . . . ,N, are self-adjoint on the dense domains 
VD{Qj) and VD{Pj), they can be represented by 

VQjV-^-^ = t— (6.15) 

where e VD{Qj), respectively, by 

{VPjV-'^){q,p)^Pj^iq,p)-i—{q,p) (6.16) 
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where e VD[Pj); briefly 

Proof: If * e VD{Qj) and ^ := V'^-^ , we have 



(6.17) 



[ XiUor,ix)ib(x) d^x 



, /-t; — e'^P'^uix — q)ih(x) d'^x 



(27r)^ % 



Uqp(x)lp(x) d X 



where Lemma 6.2 or Theorem 6.3 has been used. Similarly, for ^ G VD(Pj) 
we obtain, using Lemma 6.1 or Theorem 6.3, 

- ={PjUgp\ij) 



, / --^(eP-(-^-i)u(x - q))Mx) d'^x 

^(27r)^ -f i9xj' 

, / ( — — (e*P-(^-9)w(x - q))i)(x) d^x 

^1(2^ J V iJ dqj 



-ie-'i-P d 



(27r)^ % 



J Uqp{x)ll){x) d^X 
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Oqj 



□ 



Corollary 6.6 For ^ e VD{Qj), §- e VH and g,-^ G Ll{W(^^ .d^^qd^p) 
hold; for ^ G VD{Pj), pj^ e Ll{R^^ , d^q d^p) holds. 

Proof: Let ^ G VD{Qj). From Eq. (6.15) it follows that g G VH. 
Eq. (6.14) implies 

Qj'^{Q,p) = i-g^{Q,P) - ^lhill(^i'0)(?,P) ■ 

Since §^ eVn and Vji; G y^-H, we obtain qj^if G L^(1EI^^, d^gd^p). Now 
let "if G yD(Pj). Eq. (6.16) can be rewritten as 

Pj^{q,p) = (yP,y-^^')(g,p) + • 

Since, according to Proposition 6.4, |^ G L'^{H^^ , d\ d^p) , it follows that 
Pj^ e Ll{ie^,d^qd^p) also. ' □ 

Eqs. (6.13) - (6.17) show that in our phase-space representations the 
variables qj and pj as well as the operators Qj and Pj occur rather asymmet- 
ric. This can be corrected by a gauge transformation; gauge transformations 
related to our phase-space representations are introduced now (cf. E. Pru- 
govecki, 1984). 

Let © be a real-valued function on the phase space which, for in- 
stance, is infinitely differentiable. Then the functions 

X ^ iigpix) := e-'^^'^'P^Ugpix) = e'(f^-®('''f»w(x - q) 

differ from the wave functions Ugp only by a phase factor. In particular, 
{'^9p}(gp)eiR^'^ ^ continuous resolution of the identity of Ti., and ac- 

cording to Eq. (6.2) it defines the same observable as {uqp} (q^p)QU^N ■ 
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Eq. (6.1), we replace Ugp by Ugp = e we obtain new wave functions 

on phase space differing from the old ones by e*®^^'^-*. Now, however, e*®^^'^-* 
is in general not a phase factor. According to 

(C/e*)(g,p):=e'®(«'^)*(g,p) (6.18) 

where ^ G VH, an isometry Ue- VH — > L|(R^^, d'^gc?'^]?) is defined, re- 
spectively, a unitary operator Uq: VH — > UqVH. Because of |^(g,p)|^ = 
|^(g,p)P, the transformation 

can be considered as a gauge transformation. 

Defining Ve UqV we obtain from Eqs. (6.17) and (6.18) that 

holds where pj, and |p- are understood as multiplication operators. The 
choice Q{q,p) := q ■ p gives 

and the choice Q{q,p) '■—\q-p gives the symmetric representation 
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Furthermore, for the latter choice of O we have ^(q'.p) = {—q,p) where 
^ = VqiP and \E'^ is defined by means of the Weyl operators (5.15) according 
to ^^{q,p) := ^^«|V^) and < = U^u. 

Next we consider the phase-space representation of quantum mechanics 
given by V for a distinguished choice of u, namely, for a coherent state. For 
simplicity, let A'" = 1; let w e ^(^(lEl), H^H = 1, given by 

u{x)=u''{x):=^^e-^ (6.19) 

where cr > 0. In this situation. Propositions 6.4 and 6.5 can be supplemented 
by the following one. 

Proposition 6.7 Let N — 1, and let u he given by the coherent state u'^ 
according to (6.19). Then, for each ^ e VH, ^ e L\{^.,dqdp) and 



A*Uo (6.20) 



fordid e Vn hold, i.e. || e {VH)^ . Furthermore, onVD{Q) andVD{P), 
respectively, the representations 

VQV-^ = i— = g + 2aV (6.21) 
op oq 

VPV-^ = p-,|=p+^,+ ^|. (6.22) 

are valid. 

Proof: By Proposition 6.4, || G L%{Ii^,dqdp) holds. Since u" is a bounded 
square-intcgrable function, we have v"{ . — q)if) & Lq.[]R, dx) n iv|(lR, dx) for 
ip EH = iv|(lR., dx) and all q G IR. Therefore, 

*(g,p) = {V7P){q,p) = e-'^-u'^{x - q)i^{x)dx = F{u'^{ . - q)i;){p) 



where F denotes the Fourier transformation in L^(R, (ix). Defining v"^ :— 
— {u")' and taking account of the boundedness of t;'^, we obtain 

^{q,p) = ^J e-'^'v'^ix - q)i^{x)dx = F{v''i . - q)^){p) . 
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Hence, for any $, e VH with ^ = V(j) and = Vip it follows that 



d_ 
dq 



^{q,p)-Q^{q,p)dqdp 



F{u-{. - q)i^){p)dpdq 



u'^iyX — q)v'^{x — q)(j){x)ip{x)dxdq 
— J u'^{x)v'^{x) J (l){x + q)7l){x + q)dqdx 
= I ^{u''{x)fdx J W)^{Q)dq 



= 



where (6.19) and v'^{x) — —{u'^)'{x) — ^u"'{x) have been taken into ac- 
count. 

From ^ 

= -7^ j ul^{x)ip{x)dx 



and (6.19) it follows that 

{q,p) 



1 



dq 

Consequently, for every \I' G V7i 



X — q 



{x)tp{x)dx 



{<1,P) = J {-ix)u'^p{x)ip{x)dx . 



(6.23) 



holds. Proposition 6.5 and Eq. (6.23) imply the validity of 

op oq 

for all ^ e VD{Q), i.e. the validity of Eq. (6.21), and similarly that of 
Eq. (6.22). □ 
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From Proposition 6.7 one can draw further conclusions. First, if \I/ G 
VD{Q) and ^ 7^ 0, then, by (6.20) and VQV-^ = q + ^a^^, e 
Ll{U^,dqdp) \ Vn. Second, if * e VD{P) and ^ ^ 0, then, by (6.20) 
and VPV-^ ^ p - i-g^, e Ll(R\ dqdp) \ VH. Third, for ^ eVH and 
* e VD{Q), 

I d^i 



dp 



; (6.24) 



fourth, for <^> e VH and ^ e VD{P), 

{^\VPV-^^) = . (6.25) 

Finally, as an example, we apply the results (6.17), respectively, (6.21) 
and (6.22) to the harmonic oscillator. The operator 

defined on 5'(c(lR), for instance, is essentially self-adjoint (cf. the reasoning fol- 
lowing (6.41)). Its self-adjoint extension is the Hamiltonian of the harmonic 
oscillator and is also denoted by H. In particular, D{H) ^ D((5^) nD(P^) D 
S'([;(R) where the Hamiltonian acts according to H — ^P'^ + ^^^Q'^ precisely 

on D(g2) nD(p2). 

By Eqs. (6.17), we have 

1 / . d \ ^ muj'^ d"^ 



VHV-^ = — [p-iTT- 



2m \ dq I 2 dp"^ 

^ ^ (6.26) 
/ 1 (9^ mu'^ (9^ \ id 1 2 

\2mdq'^ 2 dp^ j dq 2m^ 

on V{D{Q'^) n D{P'^)). Choosing V with u ^ according to (6.19), we 
obtain, using Eqs. (6.21) and (6.22), 

- ^['-%) ^^['^'^dq) 

= f- J- + 2ma.V^) 1^ + (2muj^a^q - -p\ |- (6.27) 
V 2m / aa^ V m J dq 



2_2 



2m 2 
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Moreover, one can choose a = ,^ In this case coincides with the 

\l Imuj 



VHV-^=(.<i--p)g-^-p^ + —,- + -. (6.28) 



ground state 0o of the harmonic oscillator and (6.27) becomes 

d 1 o . mu)'^ o . <^ 
dq 

This is a funny result. The eigenfunctions of the operator (6.28) are V(j)n, 
n — 0,1,2, ... , where (pn are the eigenfunctions of H. Using the result (6.46) 
of the next section, we can calculate the eigenstates of H in the present 
phase-space representation; we obtain 

^niq,p) := {V(t>n){q,p) 



By an easy calculation, the equation 
can directly be verified. 



(6.29) 



n 



6.4 The Relation to a Hilbert Space of Entire 
Functions 

If the function m is a coherent state, the Hilbert space VH defined by 
Eq. (6.1) is closely related to a well-known Hilbert space of entire functions 
(cf. V. Bargmann, 1961, 1967). In this section, we first introduce that Hilbert 
space, and then we investigate the relation of VH to it. Again, let A?" = 1 
for simplicity, and let u be given by Eq. (6.19). 

Consider the Hilbert space L^(R^H(R2),/^) where the measure // is given 
by l^{d{C,v)) ■= ^e-^^^+''^^X\d{i,r])) = ^e-^^^+'^'UCdr]; /^(R^) = i. We write 
Ll{U^,E{U'^),fi) =: L2 (R2 ig-(«2W)(^^(^^) Identifying with the com- 
plex plane (D, let H be the subspace of all elements of L|(R^, ^e'^^^'^^^^d^drj) 

that can be represented by holomorphic functions. That is, Ti. is the unitary 
space of all holomorphic functions /:€—>€ satisfying 

J \f{z)\^e-^'^'d^dri < oo (6.30) 
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where z := ^ + ir] and 

TT J 

We now show that H is even a Hilbert space, i.e. a closed subspace of 

Each / G ?Y is an entire function. Therefore, it can, for all 2; e (D, be 
represented uniquely by a power series at = 0: 

00 

/(z) = ^a„^V (6.31) 

n=0 



We obtain 

|2 



= - [\m\'e-\^\'d^drj 

TT J 

TT ^0 Jo V^O / Vm^'o / 



where we have introduced polar coordinates and used the fact that the power 
series (6.31) converges uniformly on the circle \\z\\ = r. Prom Jq^'^ e'^"*~")'^d0 
= 27rSmn and the monotone convergence theorem it follows that 



= 2^|a„|2 / r'^^+'e-'-'dr 



n=0 

00 



= |a„|^n! 

n=0 



holds. In particular, we have 

00 

J2 Wnl'^nl < 00 . (6.32) 

n=0 

Conversely, a power series with coefficients fulfilling (6.32) converges every- 
where, and the function / defined by (6.31) satisfies (6.30). Hence, the 



74 



elements of IH, are just the entire functions z f{z) = J2'^=o Ok-z" with the 
property (6.32). This imphes that 7i is, as a unitary space, isomorphic to 
the Hilbert space of all sequences {onlneN satisfying X^^q l^nP'^' < oo; in 
consequence, H itself is a Hilbert space. 

It is easily seen that the functions given by 

(t>n{z) := 



form an orthonormal system. To show that {0n}neNo is complete, consider 
an arbitrary element f ^Ti. with its power series expansion f{z)— YL'^=q o-n^^ 
and define fN{z) ■— J2n=o^nZ"^- Analogously to the calculation leading to 
(6.32), we obtain 



n=N+l 



n=N+l 



TT J 

Because of (6.32) it follows that W/n — /||^ < for almost all N. Hence, 

CXD 

/ = II . ||- lim = V anVrJ^n 



n=0 



where the sum converges with respect to the norm of Til. Thus, {(/>n}neNo is 
a complete orthonormal system; in particular, = a„\/nl and 



j:\{M)\' = j:K\'n\. 



(6.33) 



n=0 



n=0 



Next we define, for each t/j eH, a function /: (D — > € by 

f{z) := \/27re^e*^(FV)(?,p) = e^e'^(w!. 



— J qI-p{^ 2^u'^{x — q)'ilj{x)dx 



where u has been chosen according to Eq. (6.19) and z — ^+irj :— \{^—2iap). 
Setting V'il) = ^, one can write 



f{z) = fitv) = v^e^-^«''*(2ae,-^) . 

a 

75 



(6.34) 



From Theorem 6.3 it follows that / £ C^(R^). Moreover, / is even holo- 
morphic. Namely, from 



Jx)tp(x)dx 



27rJ 

X — q 



-I 



V2^J "''IP 
1 



{x)ip{x)dx 



ix)Uq Jx)tp{x)dx 



we obtain 



(compare Eq. (6.23)). According to (6.34) we have 



dl 
and 



S-^t22 i^ri 



a oq a 



(,-.0*(2<.«.-^)-if(2a«.-^) 



Eliminating ^ in Eq. (6.37) by (6.35), it follows 



df r- 



(6.35) 



(6.36) 



(6.37) 



(r? + ^e)^(2< -^) + 2^a^(2ae, 



(6.38) 



By comparison, Eqs. (6.36) and (6.38) imply 

drj 

the latter being equivalent to Cauchy-Riemann's differential equations. 
Hence, we have shown that / is a holomorphic function. 
Furthermore, / satisfies (6.30). In fact. 



= - / \f{z)\\-\^Uidii = 2 I e\^^'\^>{2ai-^^e-\^\'d£,dr^ 

= J\<i'{q,p)\'dqdp = m' = \\vn' = \m' ■ 



(6.39) 
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Hence, f and the operator V: H ^ H defined by 

{V^){z) := f{z) = V2^e-^e''^{V^){q,p) = e^e^^(M^p|^) (6.40) 

where z = + irj — — 2iap), is an isometry. Thus, VH is a Hilbert space 
of entire functions; we have 



TT 



Finally, VH coincides with Ti., as we are going to prove. 

To that end, consider the harmonic oscillator. The operator 

H —P^ + ——Q^ = + —^x^ = a; a*a + -1 (6.41) 

as well as the operators a and a* can be defined on ^(^(IR) C Ti, the latter 
two ones are given by 

i 



a := — p \JmujQ ^ — ^=P 
V2 V V"^'^ / 

(6.42) 



a* ^ V™^<3 - ■ 
V2 V \Jimjj ) 

On 5'(e(]R), -ff is a symmetric operator. As is well known, the eigenvalue 
problem of H reads 

where = u){n + |), n = 0, 1, 2, . . . , and the functions 0„ e 5'(e(R) form 
a complete orthonormal system of Ti. In consequence, H is essentially self- 
adjoint. Its self-adjoint extension, again denoted by ff, is defined on 



D{H) := jV' e H 

by 



E Wn?El < OO 
n=0 



\n=0 J n=0 n=0 
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where := (0n|V^): this self-adjoint operator H is the Hamiltonian of the 
harmonic oscillator. Furthermore, a and a* can also be defined on D{H), a* 
is then the adjoint of a. Finally, we recall that 

^ 'a*)>o (6.43) 



.'n\ 

and 



o(^) = ^7^e-3^ = u'^ix) (6.44) 



1 

where a :— ,^ . 

An easy calculation shows that the coherent states -u^^ = UgpU'^ — 
QzpQ^-iqP^a with a — ^2mw eigenfunctions of a. Namely, from 

'"gp(^) — e''^^u'^{x — q), and (6.19) it follows that 

holds with ^ 

From Eqs. (6.43), (6.45), and (6.44) we obtain 

1 

l+ipx— 



n! \P1tw^ 



1 



^ e ^ / e*^^e dx 



=e 2 e 2 
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that is, 



((^„|«^,) = e^^e-^^. (6.46) 
Now, Eqs. (6.40) and (6.46) imply 

,2 

(\/(/)„)(z) = e^e^f(«;^|0„) = 
that is, 

V<f>n = k (6.47) 

for all n e INq. Since {0n}rteNo cind {0n}neiNo S-^*^ complete orthonormal 
systems in H and 7i, respectively, V is an isometry from 7i onto 7i, i.e. a 
unitary map. In particular, V7i = H. 

Summarizing, we have proved the following theorem. 

Theorem 6.8 The space 7i of all entire functions f with the property 
/ |/(-2)pe~'^' d(,dr] < oo is a closed subspace of L'^{H'^,^e^''^ ^d^drj) and 
hence itself a Hilbert space. An arbitrary function z i— > f{z) — Z^^q 
belongs to H if and only ifYl'^=Q \0'n\'^'n\ < oo- The functions z i— > 4)n{z) — 
-^z^, n e INTo; constitute a complete orthonormal system ofH; the repre- 
sentation f = I]^o <^n0n is related to the power-series expansion of f by 

OLn = {(i>n\f) = an\fn\. 

For N = 1 and u = u"' according to (6.19), the isometry V given by 
Eq. (6.1) relates the space H = L'Q,{Ii,dx) with a Hilbert space of infinitely 
difjerentiable functions, VTC C L|(Il^, c/q'c/p) fl Cg^(Il^). Moreover, a further 
isometry V is defined by Eq. (6. 40); V relates TC with a Hilbert space of 
holomorphic functions, VH = 7i C L'^{Ii^ , ^e~^^^~^^^^d^dr)). In particular, 

V(f)n = 4'n holds where 00, 0i, 02) • ■ ■ 0,^^ the usual energy eigenf unctions of 
the harmonic oscillator with muj — 

We remark that the proof of the fact that is a unitary map from H. 
onto 7i can even be simplified. Namely, for 

f{z) e^e^f«,|^) 
we obtain, using ^ = Y^=QOin'^n and Eq. (6.46), the power-series expansion 

n=0 yUl „=o 
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where o„ :— and z e (D. In consequence, / is an entire function; more- 
over, 

oo oo 

\anfn\ = \an\^ < oo , 

n=0 n=0 

i.e., f G H. Hence, by (6.40) a linear map V: H ^ H is defined. Prom (6.33) 
and 5]^o l<^nP?^! = X^^o I'^nP — IIV^P follows that V is an isometry, and 
(6.47) again implies that it is unitary. — This proof does not make use of Eqs. 
(6.35) and (6.39), the former one, however, shows explicitly the relationship 
of n and V to Vn and V. 

We conclude with the transformation of our operators Q, P, a, a*, and 
H under V. On their respective domains VD{Q), VD{P), and VD{H), the 
transformed operators act according to 

VQV-^ 

VPV-^ 

Va*V-^ 

as follows from Proposition 6.5 and Eqs. (6.40) - (6.42) by an easy calculation. 
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Chapter 7 



Classical Representations of 
Quantum Mechanics on Phase 
Space 

In this chapter, we specify the concepts introduced in Chapter 3 and discuss, 
on the basis of statistically complete joint position-momentum observables, 
the representation of quantum mechanics on phase space. In Section 7.1, we 
first investigate the question of the statistical completeness of joint position- 
momentum observables and consider then the corresponding classical rep- 
resentations and dequantizations on phase space, the latter in the sense of 
Section 3.2 for bounded observables. The dequantization of some unbounded 
observables is the subject of Section 7.3, Section 7.2 deals with a mathemat- 
ical question occurring in the context of unbounded observables. Finally, in 
Section 7.4 the reformulation of quantum dynamics in terms of equations of 
motion on phase space is discussed. 

7.1 Statistically Complete Joint Position- 
Momentum Observables 

The joint position- momentum observable F according to Eq. (5.25) which 
is a generalization of the observable (5.16), respectively, (6.2), can be used 
to define a classical representation of quantum mechanics on phase space in 
the sense of Definition 3.1, provided that F is statistically complete. The 
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latter question was investigated by S. T. All and E. Prugovecki (1977b) with 
Theorem 7.4 below as result. To prove that theorem, we need some lemmata 
which are interesting themselves. 

Again, let Ti, — -Lg,(R^, cFx) and let Uqp be the unitary operators (5.10). 
The first lemma generalizes Theorem 5.1. 

Lemma 7.1 Let u,v & Ti. be unit vectors and define Uqp :— UgpU and Vqp :— 



UqpV. Then 



^ / \uqp){vqp\ d\d^p = {v\u) 1 (7.1) 



{27V 

holds where the integral exists in the weak sense. 

Proof: Using Eq. (5.13) and the Fourier-Plancherel theorem, we obtain 

{tp\ {v\u) ii/j) = = / iV'(9)r A / ^^u{x)d' 

= J^u{x) J \i){x + q)\^d\d^x 
= j J^^u{x)\ij{x + q)\^d^xd\ 
— j j u{x — q)il>{x)v{x — q)ip{x) d^x d\ 



F{u{. - q)iP){p)F{v{. - q)iP){p)d^pd^q 

^11 (2^ ' ^''^^ ^^^^ ' 

= (2^ y ( V' I ^igp) {vqp I ^) d\ d^p 

where -0 e 7i is arbitrary. Hence, the lemma is proved. □ 

There is another, interesting proof of Lemma 7.1 which should be pre- 
sented. Since, as a consequence of Theorem 5.1, the functions {q,p) ^ {uqp\(f)) 
and {q,p) ^ {vqp\i^) with (j),ip ^ Ti are square- integrable with L^-norm 



(27r)^||(/)|| and y'(27r)^||'0||, respectively, it follows by means of the Schwarz 
inequality that 



j {(j)\Uqp){Vqp\lp) d\d^p 



<(27r) 



N 
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Hence, {(f), ip) J {<P\uqp){vqp\il)) d^qd^p is a bounded sesquilinear functional, 
and the weak integral A := J \uqp){vqp \ d^qd'^p exists. It is easy to show that 
the operator A commutes with all Uqp. The irreducibility of the represen- 
tation {q,p) H- > Uqp then implies that A = al with a G (D. It remains to 
determine the value of a. According to Eq. (5.11), we obtain 



{v\u) 



1 



u\Uqp) {Vqp\u) d\d% 



(27r)^ 
a 



(27r) 



N 



where the invariance of Lebesgue measure under reflections has been used. 
Hence, a = {2t^)^ {v\u) and A — [21:)^ {v\u) 1, the latter being equivalent to 
Eq. (7.1). 

The next lemma is mainly technical. 

Lemma 7.2 Let W — Y^^i <^iPxi ^ -^(^) ^"'?/ density operator where 
ttj > 0; EZiO^i = 1; llXill = 1; and P^. = \Xi){Xi\- Then {q,p) ^ trWUqp 
is a hounded continuous function of L'^(H^^ , d^q d^p) . Moreover, in the 
representation 

oo oo 

tl WUqp = ^ai irP^^Uqp = Y.^i^XiWqpXi) 
i=l i=l 

the series converges pointwise uniformly as well as with respect to the L^- 
norm. 



Proof: Since the functions {q,p) i— > {Xi\UqpXi) ^re continuous and bounded 

by 1, C(i{Xi\UqpXi) is a uniformly convergent series of continuous func- 
tions. In consequence, {q, p) i-^ tr WUqp is also continuous, furthermore, 
|trVF[/gp| < 1. Now let V be the isometry (6.1) induced by any Xii 
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u := Xi- From 



(2vr) 



N 



it follows that {q,p) ^ {XiWqpXi) is square-integrable with L^-norm ^ {2n)^. 
This implies 

j\irWUqp\''d\dy < Y.^i^jj\{X^\UqpX^)\\{X^UqpX3)\d''qdy 



OO 



= (27r)^ 

where the Schwarz inequality has been used. Hence, {q,p) ^ tr WUqp is also 
square-integrable, and from 



i=n+l 



d\dy< E aiQ;,(27rr ^ 

i,j=n+l 



for n ^ OO we obtain that Z^^i ci!i(Xi|t^gpXi) converges also in L^-norm. □ 

The third lemma asserts that the trace-class operators can, roughly speak- 
ing, be represented as continuous linear combinations of the unitary operators 
U* . 

Lemma 7.3 Every (not necessarily self-adjoint) trace-class operator V G 
T{7i) can be represented by a weak integral over the phase space according to 



^ ^ (2^ / ^^'"^ "^"^^ "^""^ • 



(7.2) 



Moreover, we have 

{Vi\V2)hS = tvV*V2 = I trmiptTV2Uqpd\d''p (7.3) 

where {Vi\V2) hs denotes the Hilbert- Schmidt scalar product of the trace-class 
operators Vi, 1^ e ^(^)- 
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Proof: Let W G K{T-C) be a density operator and ip E Ti. he an arbitrary 
vector. According to Lemma 7.2, {q,p) ^ tiWUqp = J2'iZi c^iiXilUqpXi) 
{QjP) ^ (V'l^gpV^) square-integrable functions where the sum converges 
in L^-norm. Therefore, we obtain, using Lemma 7.1, 

^ / (tr WUqp) C/;^) A d'^p 

oo 
i=l 

Eq. (7.2) is now imphed by hnearity. For V e ^('H) and e K{7i), it 
follows from Eq. (7.2) and Lemma 7.2 that 

oo 

{V\W)hs = try*W^ = 5:a,(x,|y*X^) 

i=l 

1 oo „ 



(27r 



^ 1 tr VUqp tr l^C/,p A A 



{2ny 

Hence, Eq. (7.3) is also valid. □ 

We add some remarks which go beyond what we need in the sequel. 
Eq. (7.2) motivates to consider the map assigning to each trace-class opera- 
tor V e T{n) the function {q,p) ^ trVUgp of Ll{¥C^ , d\ d^p) . According 
to (7.3), this linear map is an isometry up to the factor —7==^, provided 

that the space T(7Y) is equipped with the Hilbert-Schmidt norm. Since 
T(7Y) is II . ||iif5-dense in the space C^^{TC) of all Hilbert-Schmidt opera- 
tors, the considered map can uniquely be extended to a map 5": C^^{Ti.) — >■ 
L'^{Il^^ , d^q d^p) which is again an isometry up to a factor. Now let / e 
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L|(]R^^, d^qd^p) be arbitrary and consider the map H: L^(R^^, d^qd^p) — >■ 
i3(7Y) defined by the weak integral 

Hf ^ / f{q,p)U;pd\dy ■ 

by means of the Schwarz inequahty it is easy to show that the weak integral 
exists and that the hnear map H is bounded. According to (7.2), we have 
for V e r{H) that HSV = V. Writing V e C^^{H) as V = || . \\hs- 
lim„^oo Vn = II • ||-hm„^oo Vn with some sequence of operators Vn G T(7i) 
where || . || is the usual operator norm of B{7i), we obtain that HSV = V is 
valid for all V e C^^{H). Hence, H\j^^g^ = where -ff|^(5) denotes the 
restriction of H to the range of S, and -f^|j:j(5) is also an isometry up to a 
factor. 

The range R{S) is the L^-norm closure of the subspace consisting of the 
functions {q,p) ^ trVUqp with V e T{n). For g e {R{S))^, it follows that 

mHg)i;) = -±- j g[q^p){U,pm dVp 

= (2^ / ^^^^^ipdil'P) d^P 
= 

where V ^ ^ is an arbitrary unit vector and — Hence, 
Hg = 0. However, one can prove that even {R{S))'^ = {0} holds, i.e. 
R{S) = L'^(R^^ , d^q d^p) . In particular, the functions {q,p) ^ trVUi 
with V G TiTi) are dense in L^(1R^^, d^gd^p), S and H are, up to fac 
tors, unitary maps between the Hilbert spaces C^^{H) and Lq.(R^^, d^q d^p), 
and H — S~^. The latter statements can be concluded from the fact that 
our map H is closely related to the Weyl correspondence (see J. C. T. Pool, 
1966). Similarly, our map S is closely related to the Wigner transformation 
(see E. P. Wigner, 1932; J. E. Moyal, 1949; J. C. T. Pool, 1966; M. Hillery, 
R. F. O'Connell, M. O. Scully, and E. P. Wigner, 1984). 

After the preparing lemmata, we are able to present the proof of the 
following theorem due to S. T. Ali and E. Prugovecki (1977b). 

Theorem 7.4 The joint position-momentum observable on (R^^, H(1R^^)) 
given by 

nB) = j^ j^a,pdVp (7.4) 



qp 
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where Gqp = UqpaU*p and a e K{7i), is statistically complete if 

traUgpy^O (7.5) 
holds for almost all {q,p) G R^"^. 

Proof: The statistical completeness of the observable F means that 

trWiF(B) ^tj:W2F(B) 

for any Wi,W2 G K{n) and all B e ^(R^^) implies Wi = W2. According 
to the proof of Lemma 2.1, F is statistically complete if and only if from 

trV F{B) = 

for any V G %(n) and all B e S(Il^^) it follows V ^ 0. In view of 
(7.4), tii:VF{B) = is equivalent to tiVagp = for almost all {q,p) G 
R^^, respectively, because of the continuity of {q,p) ti Vaqp, for all {q,p)- 
Hence, the observable (7.4) is statistically complete if and only if 

tr Vaqp — 

for all (g,p) e R^^ implies F = 0. 

Using Eq. (7.3) and UgpUg/pr — e~**^ C/q+^/^p+p', we obtain 

trVaqp = tr {Uqpa)*VUgp = {Ugpa\VUgp)Hs 

^ \Y{aUg,p,Ugp) tr {VUgpUg^p,) d\' d'^p' 

e^(<^'P-1P'hTaUg+g>,p+pnT VUg+g,,p+p, d^ d'^p' 

ei(9'p-P'9)traC/g,p,tr VUg,p, d^q' d^p' . 



(27r)^ 
1 

(2^ 
1 

(2^ 



We observe that trVaqp = --j==h{—p,q) holds where h is the Fourier 

transform of the L^-function {q',p') ^ h{q',p') :— tr aUgip/trVUgipr. Since 
the Fourier transformation also on L^(R^^, c?^g<i^p) is injective, we have 
trVagp — for all {q,p) G R^^, respectively, h — ii and only ii h — is 
valid, respectively, 

traUgptrVUgp = (7.6) 
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for all {q,p). Hence, our observable F is statistically complete if and only if 
the validity of Eq. (7.6) for all {q,p) implies V" = 0. 

Now assume that the inequahty (7.5) is satisfied for almost all {q,p). 
Then from Eq. (7.6) it follows that trVUgp = for all {q,p) and, by Eq. (7.2), 
V — 0. Hence, F is statistically complete. □ 

We have proved that the criterion (7.5) is sufficient for the statistical 
completeness of the observable (7.4). S. T. Ali and E. Prugovecki (1977b) 
assert that condition (7.5) is also necessary for the statistical completeness 
of (7.4); however, the author of this paper is not convinced of the correctness 
of their argumentation. Further results on questions related to Theorem 7.4 
were obtained by R. Werner (1983, 1984). 

For N — 1, consider the coherent state u"' according to (6.19) and a :— 
From Eqs. (6.44) and (6.46) it then follows that 

tr aUgp = = (0o|<p) = e'^e-^ ^ . (7.7) 

For > 1, let u{x) = u{xi, . . . ,xj^) := 'u'^i(.Xi) . . .■u'^^(xjv), i.e. u — u'^^ (8) 
. . . (8) u"'^ , and a := \u){u\. From (7.7) we now obtain 

TV 

traUgp = {u\Ugpu) = Uiu^^lUg^pX') ^ • 

Hence, for every TV, there exist statistically complete joint position-momen- 
tum observables on the phase space R^^, and these observables may be of 
type (5.16). In particular, for = 1, the joint position-momentum observ- 
ables generated by the coherent states u'^ are statistically complete. 

For a statistically complete joint position-momentum observable F, the 
linear hull of F(S(1EI^^)) is, according to Lemma 2.1, u-dense in the space 
Bs{Ti.). In contrast, the pair of the PV- measures and according 
to (5.6) and (5.7) is not statistically complete (see, e.g., E. Prugovecki, 
1977a; M. Singer and W. Stulpc, 1990), and consequently the linear hull 
of £;^(S(R^)) U£;^(S(R^)) is not a-dense in i3,(7i). From the properties of 
the (j-weak integral (cf. W. Stulpe, 1986) it follows that the u-weak closure 
of the hnear huU of £"^(S(1EI^)) U £'^(S(1R^)) contains also the operators 
G^{B) and G^{B) where B e S(R^) and and G^ are the observables 
defined by (5.8) and (5.9). Hence, any pair of an approximate position ob- 
servable G*^ and an approximate momentum observable G^ is, just as the 
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pair of and E^, not statistically complete. In particular, the pair of 
the marginal observables F**"^ and E^ of a joint position-momentum observ- 
able F is not statistically complete even if F is statistically complete; by 
other means, this result was already proved by S. T. Ali and E. Prugovecki 
(1977a). — Analogously to Lemma 2.1, the complex linear hull of F(S(R^^)), 
F being a statistically complete joint position-momentum observable, is ul- 
traweakly dense in the space B{T-C) of all bounded linear operators, whereas 
the complex hnear hull of E^{E{Ii^))UE^{E{Ii^)) is not ultraweakly dense 
in B{7i); however, as is well known, the von Neumann algebra generated by 
E'^ and E^ coincides with B{n) (see, e.g., G. Emch, 1972). 

Now let F be a statistically complete joint position-momentum observ- 
able according to (7.4) and T the corresponding classical representation on 
(R^^, S(R^^)) according to Theorem 3.3. Since the integral (7.4) exists in 
the (T-weak sense, we have 



(TV)(B) = trVF(B) = -^l^trVa,,d''qd''p 



(27 

p{q,p)d\d^p 



(7.8) 



B 



where V e TsiTi), B e S(1R ), and p{q,p) := j^:^tTVaqp. In conse- 
quence, a classical representation T on (R^^, 5(1R^^), A^"^), T: Tgili.) 
Ll^{U'^^,d\d^p), is defined by 

fV:^p . (7.9) 
According to Eq. (3.6), the adjoint map T' is given by the u-weak integral 

f'f = J fdF 

where / e L^(R^^ , d^q d^p) . From (7.8) it follows that 

ti^V J fdF^ = J fd(trVF(.)) = J f{q,p)trVa,,d\d''p 
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Hence, 



and 



(7.10) 



where the latter integral exists also in the cr-weak sense. 

The next theorem restates Theorem 3.4, respectively, statement (3.8) and 
concerns dequantizations. 

Theorem 7.5 In the situation just described the following statements are 
valid: 

(a) To each hounded self-adjoint operator A e R{f') = f 'L~(1R^^, d^qd^p) 
a function f e L^(1EI^^, d^q d^p) can he assigned such that for all states 

W e K{n) 



holds where p :— TW is the density of the prohahility distrihution P^. 

(b) For every A G Bs{Ti.), every e > 0, and any finitely many states 



Wi,...,Wn e Kin) there exists a function f e L'^{Ii^^ ,d^qd^p) 



holds where pi := fWi (i = 1, . . . ,n). 

This result signifies a very far-reaching reformulation of the statistical 
scheme of quantum mechanics in terms of the classical phase space. Namely, 
probabilities and expectation values which appear in reality as relative fre- 
quencies and mean values can be calculated on the basis of Hilbert space and 
in principle also on the basis of phase space. 

The proof of part (b) of Theorem 7.5 is based on the fact that, with 
respect to the cr-topology, every operator A e BgiH) can be approximated 
by some operator of the form T'f with / e L^(R^^, d^qd^p) (compare the 
proof of Theorem 3.4). In particular, the projections E^{b) and E^{h) of the 
PV-measures for position and momentum, h e S(R^), can be approximated 




such that 
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physically arbitrarily well by operators of the form (7.10). Roughly speaking, 
with suitable functions and we have 

A similar approximation of E'^ih) and E^{b) is given by Eqs. (5.26): 



„ oo 

J Xl>*T.Mu^?dE'^^E^{h) 



i=l 



(7.12) 



E^{b) = j^y^ y"xR^xfe«5P Ac^^P 

/oo 
Xb*Yl^^\^^\'dE''^E''{b) 
i=l 

(a = Ei^^i \i > 0, Ej'^iAj = 1, ||iti|| = 1). However, it is intu- 

itively clear by the properties of the Fourier transformation that, if one of 
the approximations (7.12) is good, the other one is bad. In contrast, both 
approximations (7.11) may be good. Hence, in a certain sense, the observ- 
abies of position and momentum both can be approximated by functions of 
the joint position-momentum observable F arbitrarily well. 

7.2 A Remark on the Trace 

Quantum observables described by PV- measures on S(R) correspond, by the 
spectral theorem, uniquely to self- adjoint operators in Ti. which are generally 
unbounded. In the next section we discuss, in the context of classical repre- 
sentations T on phase space, dequantizations for some unbounded self-adjoint 
operators A, i.e., we represent the expressions trVFA as integrals over the 
phase space. On this occasion we present, in this section, a definition of the 
expression tr WA for unbounded self-adjoint operators; such traces are used 
very often, but seldom rigorously defined. 
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Let A be a (possibly unbounded) self-adjoint operator in 7i, D{A) its 
domain, and its spectral measure; let us interpret A as an observable. 
The expectation value of A in a state W e K{H) is 

{A)w := {E^)w = / CP^idO 

where P^{b) := P^^(6) = tTWE^{b) with b e S(R), provided that the 
integral exists. If is a pure state, i.e., ii W — — i/j & H, 

\\ip\\ = 1, then 

{A)^ :^ {A)p^^ j i{^\E\di)^) , 

and the integral exists if and only if e D(\A\^- D{A) C L'dAI^) C H. 
For V e D{A), 

{A)^ = J e i^PlE^idOi^) = im^) (7.13) 

holds. 

To obtain the analog of (7.13) for an arbitrary W e K{7i), assume 

(i) J^trWE^{d^) exists 

(ii) for some representation W — J2i<^iPxi with ctj 7^ and {Xi\Xj) — ^iji 
Xi e D{A) holds. 

The vectors Xi form an orthonormal system of eigenvectors of W that is 
complete in {N{W))^ = R{W), N{W) and R{W) denoting the kernel and 
the range of W , respectively. Since the eigenvalues ctj 7^ of have finite 
multiplicity, condition (ii) implies that Xi ^ -O(^) is valid for every complete 
orthonormal system of eigenvectors of W in N(W))-^. Prom (i) and (ii) it 
follows that 

{A)w = j iiTWE\di) = Y.a,j iirP^,E''{di) 
= f^iXilE^idOXi) 
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If A is a bounded self-adjoint operator, conditions (i) and (ii) are always 
satisfied, and J2i <^i{Xi\^Xi) is just tr M^yl. If A is an unbounded self-adjoint 
operator, we suppose (i) and (ii) and define 

ti W A ■.= Y,ai{xi\Axi) ; 

i 

tr WA does not depend on the complete orthonormal system of eigenvectors 
of W in {N{W))^. In particular, 

{A)w = J ^trWE'^id^) = trWA (7.14) 

holds. 

Finally, we remark that, if A is unbounded, the above conditions (i) 
and (ii) are independent of each other. Clearly, for W := with i/j G 
D(|/l|2) \D{A) condition (i) is fulfilled, but not (ii). To show that condition 
(ii) does not imply (i), let A :— H he the Hamiltonian of the harmonic 
oscillator, H(f)n = uj{n + |)</.„ with n = 0, 1, 2, . . . , and := E^=i ^P<Pr. 
with E^=i ^ =: i Then 

{H)w = [^P^{dO = f:u;(n + \)trWP^^ 

oo , is 

n=0 ^ 

^ / 1\ a 
= 2^ I n + - 



2 



n=i ^ 27 

OJ ~ 1 

— — Qfo; > — 

= OO . 

Hence, (i) does not hold, although (ii) does. 



7.3 Dequantizations for Some Unbounded 
Self- Adjoint Operators 

Our next aim concerns the derivation of a classical expression for the ex- 
pectation values when A is an unbounded operator (cf. S. T. Ali and 



93 



E. Prugovccki, 1977c; E. Pmgovecki, 1978, 1984). If A is bounded, this prob- 
lem is solved by Theorem 7.5. If A is an unbounded self-adjoint operator, we 
have to look for an apparently unbounded real-valued measurable function 
/ on phase space such that 

{A)w = trWA = J p{q,p)f{q,p)d''qdy (7.15) 

holds for all W e K{l-C) satisfying conditions (i) and (ii) of Section 7.2 where 
p = TVF, T being a classical representation according to (7.9). 

Let N = 1,1-L = I/|(R, dx), and a := {u'^\ with u'^ according to (6.19). 
Let F then be the statistically complete observable given by (7.4) and T the 
corresponding classical representation on (R^, S(R^), A^) according to (7.9). 
Explicitly, T is given by 

(fW){q,p) = p(q,p) = ^tr(W\u'^J{u^J) = i- 

where W G K{H)] in particular, for W = = ip e H, = 1, we 

have 

{TP^){q,p) = P{q,p) = ^ = mMP)\" = M<1,P)\' (7.16) 

where V and ^' are defined by Eq. (6.1). For some unbounded operators 
A in H, we now calculate functions / satisfying Eq. (7.15); this calculation 
involves some ideas of E. Prugovecki (1978, 1984). 

First, we consider the position operator Q in Ti. For ip G D{Q) we obtain, 
using the unitary operator V-.Ti^ VH, Vi/j — ^, and (6.21), 

Taking account of Proposition 6.4, Corollary 6.6, and (6.20), it follows that 

(V^IQV) = (*k*) = / q\^{q,p)\'dqdp 
(compare also (6.24)). Hence, by (7.16), 

{Qh = (^IW) = / p{q,p)qdqdp (7.17) 
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/(?■ 



holds for all G D{Q) with = 1 where p = fP^. li W e K{H) satisfies 
conditions (i) and (ii) with respect to Q, Eq. (7.17) implies 

(Q)^ = tr WQ^^aiixilQXi) 

i 

i){q,p)qdqdp 

= J{fW){q,p)qdqdp; 

we have used that Y.i <^iPxi' infinite sum, converges in trace norm 

and thus T(J2i Q^z-Px^, ) = (^iTPxi, the latter sum converging in L-'^-norm as 
well as pointwise a.e. Hence, 

(Q)^ ^tvWQ^I p{q,p)qdqdp (7.18) 

where p — TW. 

Second, we consider the momentum operator P in Ti. For i/j G D[P) it 
follows from (6.16), Corollary 6.6, Proposition 6.4, and (6.20) that 



= (^'Ip^) = J p\'^{q,p)\'^dqdp 
(compare also (6.25)). Hence, by (7.16), 

{P)i> = {^\Pi^) = j p{q,P)pdqdp 
holds for all iJj G D{P) with \\il>\\ = 1 where p = TP^. Moreover, 

(P)^ = trW^P = J p{q,p)pdqdp (7.19) 



95 



is valid for all W G K{7i) satisfying conditions (i) and (ii) with respect to P 
where p = TW. 

Third, we calculate a function on phase space for the operator Q^. If 
■0 e D{Q'^), we obtain, applying Proposition 6.7 and Corollary 6.6, 



[%VQ'^V-^^!) 



dq 



d 



q + 2a^— ^ 



(7.20) 



dq 



dq ^ 



Eq. (6.20) docs not apply to the last term since ^ VTi for ^ ^ 0. However, 
it can be recasted as follows. Integration by parts yields 



-5^ 



Q'^{(l,p)-g^{Q,p)dqdp 



-J (^^{q,P) + q^{Q,P)^ ^{q,p)dqdp (7.21) 



Here we have assumed that, if ^ e VD^Q"^), \im\q\^^q\'^{q,p)\'^ = for 
almost all p; actually this assumption had to be proved. From (7.21) it 
follows that 

whereas (7.20) imphes that (g\E'|^^) is real. In consequence. 



d_ 

dq 



1*1 



(7.22) 



Inserting (7.22) into (7.20), we obtain 

(V^|g2^) = J{q'-a')\^{q,p)\'dqdp. 
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Hence, 



holds for all e D{Q^) with 
W eK{n) we have 



= 1 where p — TP^. Moreover, for suitable 



(Q2)^ ^ tr ^ J p^q^p^^q2 _ ^2^^^^^ ^7 23) 

where p = TW. 

Finally, for the operator and ip e D[P'^) it follows from Proposition 6.7 
and Corollary 6.6 that 



VPV-^^ 

1 a 



If, in addition, e D{Q), one can conclude that 



-VP 

dp 



|b*||2 + — Re^pvl/ 



5^ 



+ 



Integration by parts again yields 

d 



dp 



^ = - * 



5^ 



which implies 



Re i^p'^ 



d_ 
dp 



— 11*1 



(7.24) 



(7.25) 
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we have assumed that hm|p|^ooP|^(Q',p)P = for almost all q and every 
^' e VD{P^)nVD{Q). Inserting (7.25) into (7.24), we obtain, since the last 
term of (7.24) is purely imaginary and consequently equal to zero, 

{i^\P'i;) = j{p'-^)\^{q,p)\'dqdp. 

Hence, 

{P% = (^|PV) = j p{q,p){p' - ^)dqdp 
holds for V e D{P^) n D{Q), WipW = 1, and p = fP^. Furthermore, 

{P')w = trWP' = J p{q,p){p' - ^)dqdp (7.26) 

is valid for suitable W E K{n) and p = fw. 

There is another way due to the author to derive Eqs. (7.18), (7.19), 
(7.23), and (7.26) and even to generalize them, which is the subject of the 
following proposition and its proof. 

Proposition 7.6 Let N = 1, H = L|(]R, dx), and a G K{H), and let F 
be the joint position-momentum observable given by (7.4)- Suppose that a 
satisfies the condition (7.5), i.e., F is statistically complete; let T be the 
corresponding classical representation on (R^, S(R^), A^) according to (7.9). 
Finally, let r]^ and r]^ be the confidence functions of the marginal observables 
F^ and F^ of F according to Eqs. (5.8), (5.9), and (5.26); assume that the 
expectation values and variances of rf^ and rf exist. 

If, forW e KiTi), the expectation value and the variance ofQ exist, then 

{Q'^)w — I qPw {^q) exists also, and 

{Q)w = J P{q,p){q-{v'^))dqdp (7.27) 
{Q^)w = I p{q,p){{q - {r]"^)? - va^r r]'^)dqdp (7.28) 

holds where p — TW. Furthermore, condition (ii) of Section 7.2 is satisfied 
for W with respect to Q, and {Q)w = tr holds; the validity of {Q'^)w = 
trWQ^ requires the additional assumption that W satisfies condition (ii) also 
with respect to Q^. 
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The analogous statements for P and are valid under analogous sup- 
positions; in particular, 

{P)w = I p{q,p){p-{v''))dqdp (7.29) 
{P')w = J p{q,p){{p- iv'')? -y8^rr]'')dqdp (7.30) 

holds where p — TW . 

Proof: From the existence of {Q)w and 

var^^Q := ys.twE'^ " /^^ ~ {Q)wfP^{dq) 

it follows that / q^Pwidq) exists. Since the spectral measures of Q and 
are related by E'^ = ° where / is the function g i— > /(g) := g^, we 
have 

P^\b) = trWE^'ib) = trWEQ{f-\b)) = P#(r^(6)) 
where b G S(]R). In consequence, P^r = P^ o and 

I q'P^idq) = I fdP^ = I idnd{P^ o f-') = J qP^\dq) = (Q^)^ . 

In particular, exists, and 

vari^g = j q^P^ridq) - (Q)^ = {Q'')w - {Q)w (7-31) 

holds. 

According to Eqs. (5.4) and (5.5), wc have 

{F'^)w^{Q)w + {v'^) (7.32) 

and 

varv^i^*^ = var^^Q + var rj^ . (7.33) 

Since the probabihty distribution of F has the density p = TW, the 
probability distribution P^r'^ of has the density g i— > p'^(g) := / p{q,p)dp. 
The latter implies 

{F^)w = j qPwidq) = j qp^{q)dq = j j qp{q,p)dpdq , 
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that is, 

(F«)h. = f qp{q,p)dqdp. (7.34) 
Hence, from (7.32) and (7.34) we obtain 

{Q)w = J qp{q,p)dqdp - (ry^) = j p{q,p){q - {r]'^))dqdp , 

i.e. Eq. (7.27). From (7.31) - (7.33) it follows that 

{Q')w = var^g + (g)^ = vari^F'? - varr?'? + ((F«)i^ - (ry^))^ . (7.35) 
Inserting 

varn^F^ = j {q - {FQ)wfP^\dq) 
= jq'P^\dq)-{F<^)l, 

= Jq'p{q,p)dqdp-{F'^)'w 

into (7.35) and taking account of (7.34), we obtain 

(g2) ^ j q^p{q,p)dqdp-2{FQ)^{rj^) + {r^^f-ye.rr^^ 
= j p{q,P){q^ - 2(?7*^)? + iv'^y - Yairp)dqdp 

= / p{q,p){{q - {v^)T - yBxr]^)dqdp , 

i.e. Eq. (7.28). 

Let W = Ei cti-Pxi' 7^ 0' (XilXi) = From {Q'^)w < oo and 
{Q')w = jqP^\dq) = jq'P^idq) 
= j q^tTWE^{dq) 
- E^ij q'{Xi\E'^{dq)xi) 

i 

it follows that / q^ \\E^{dq)xi\\'^ < oo or, equivalently, Xi ^ D(Q). That is, 
W satisfies condition (ii) of Section 7.2 with respect to Q. Since condition (i) 
just means the existence of {Q)w, we have {Q)w — trVFg. — The proof of 
the remaining statements is evident. □ 
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Corollary 7.7 // {Q'^)w and {P^)w exist and Xi G D{Q'^) n D^P"^) for W = 
J2iCtiPxi ^^^^ cti 7^ and {Xi\Xj) = then {Q)w and {P)w exist also, and 
{Q)w, {P)w, {Q'^)w, and {P'^)w can he expressed as traces. Moreover, the 
representations (7.27) - (7.30) are valid with p — TW . 

For the special case that F and T are generated by the coherent states 
(6.19), Eqs. (7.27) - (7.30) reduce to (7.18), (7.19), (7.23), and (7.26). For 
this particular case we now investigate how the energy expectation values of 
the harmonic oscillator can be expressed classically. 

Proposition 7.8 Let the observable F be generated by a := \u'^){u'^\ with vF 
according to (6.19), and let T be the corresponding classical representation. 
Let H be the Hamiltonian of the harmonic oscillator; that is, H with domain 
D{H) is the self-adjoint extension of the symmetric operator —^^-^ + ^^^^x^ , 
the latter one being defined on S(c(R), for instance. If, for W = Y.i'^iPxi 
with ai ^ and (XilXj) = hj, {H)w exists and Xi G D{Q^) n D{P^), then 

{H)w = tr WH 

= Jp(^^P)[Hi<l^P)-[-^2 + '^))d<ldP (7.36) 
= / p{(l,p)H{q,p)dqdp~ 

holds where p = TW and the function {q,p) ^ H{q,p) is the classical Hamil- 
tonian, H{q,p) = ^ + ^q^. 

Proof: Since the operator ^P"^ + defined on D{Q^) n D{P^) is a 

symmetric extension of —^-£2 + ^^x^, we have 

— H C p2 _^ __q2 c H 

2m dx^ 2 2m 2 

and S'(e(R) C D{Q'^) n D{P'^) C D{H). In consequence, W satisfies condi- 
tions (i) and (ii) with respect to i7, i.e., {H)\y = tr WH. From 

{H)w = trWH^J2ai{xi\Hxi) 



1 muj'^a'^ 
H — 
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= ^ / f tr WE^idO + ^ / f tr WE<^idO 

it follows that {Q'^)w and {P'^)w exist. Moreover, by Corollary 7.7, respec- 
tively, Eqs. (7.28) and (7.30), we obtain 



;2 



{H)w = ^{P')w+'^{Q')w 



□ 



The additive constant g^^2 + "^^^'^'^ depends on the parameter a and takes 



its minimum for a = — , in that case u"' coincides with the erround state 



■'0 



of the harmonic oscillator. Therefore, suppose finally that T is the classical 
representation induced by = Eq. (7.36) then reads 

{H)w^i^WH^ I p{q,p)H{q,p)dqdp-^^{H),-^ (7.37) 

where {H)p = J p{q,p)H{q,p)dqdp is the classical energy expectation value. 

As an exphcit example, we discuss the phase-space densities for the energy 
eigenstates 0^, n = 0, 1, 2, . . . , and verify (7.37) directly. According to (7.16) 
we have 

Pn{q,p) - {fP^J{q,p) = ^ |«p|0n)r ; 
using our former result (6.46), we obtain 



where 



z — $,+ir]— — 2iap] = ^= \\/muq 7==P 



2\a J \f2 \ \/rrujj 
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Hence, 

I ~|2 



+ <^ P = TT ^ 



' ' 4(72 2mu; 2 ^ a; 

and 

note also Pn = l^nl"^ and the result (6.29) for = V<Pn- In particular, is 
of the form pn = pn ° H. Introducing the new coordinates E and defined 

by 

cos ( 



V ma;2 ' (7.39) 

p — \/2mE sin 
where £" > and < < 27r, we obtain H{q,p) — E and 

(^)p„ = J Pniq,p)H{q,p)dqdp 

27m! J CO'' 
^ .2u _E 1 



t/ / - e-^-dEd(f> 

I Jo Jo \U! J CU 



27m\ 
nl Jo 

Hence, 

=c.(n+l) , 

this result being in accordance with Eq. (7.37) which gives, for W = P^^, 

(H)^^ = a; + = {H),^ - | , (7.40) 

n= 0,1,2,... . 

We also compare the quantum variance var^^H with the corresponding 
classical one, var^^i^. Whereas var^^if = 0, we obtain 

varp„ff = j pn{q,p){H{q,p) - {H)p^fdqdp 
= u^{n + l) . 
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In particular, for the relative standard deviation we have 



which converges to zero forn ^ oo. This indicates a correspondence between 
the quantum probability distributions of energy in the states 0„ and the 
classical ones in in addition to that given by Eq. (7.40). 

We conclude our example with the calculation of the classical probability 
distributions of energy in the states p„. The latter ones are given by : = 
= where are the probability measures corresponding to p„. 

Taking account oi Pn — Pn° H and (7.39), one obtains 

<W = {l^noH-'){b)=i,^{H-\b)) 
= / , Pn{q,p)dqdp 

Xb{H{q,p))pn{H{q,p))dqdp 

2n POO ]^ 

Xb{E)pn{E)-dEdcl> 

UJ 

27r 

—Pn{E)dE 
6nlR+ OJ 

where h e S(R). Hence, there exists also a probabiUty density p„ for 
which is given by 



Pn{E) : = 

According to (7.38) we have 




E < 
E>Q . 



Pn{E) 



for E>Q. 

In conclusion, our example demonstrates two aspects of our classical rep- 
resentations. First, T gives rise to a dequantization in the sense of Eq. (7.15): 
the statistical scheme of quantum mechanics is reformulated on phase space. 
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and quantum obscrvables given as self-adjoint operators A in Hilbert space 
are represented by functions / on phase space (in the example we have A = H 
and f{q,p) — H{q^p) — '^; of. also Theorem 7.5, Proposition 7.6, Corollary 7.7, 
and Proposition 7.8). Second, one can consider p — TW as a classical analog 
oiW& KiTi) also in the following sense: if the operator A corresponds to 
the classical observable {q,p) ^ diq-p) by quantization, then there should be 
some correspondence between the probability distribution, the expectation 
value, the variance, etc. oi A in W and the probability distribution etc. of 
g in p (in the example we have A — H and g{q,p) — H{q,p)). Note that 
the usual quantization of g yields A and the dequantization of A according 
to (7.15) /; / is related to g, but in general not equal. — In particular, we 
see that classical representations can be applied in the context of performing 
classical limits of quantum mechanical results. 



7.4 Quantum Dynamics on Phase Space 

The reformulation of quantum dynamics on phase space is based on the 
following theorem which is essentially a restatement of the Theorem 3.7 due 
to the author, respectively, a repetition of Eq. (3.17). 

Theorem 7.9 Let T be a classical representation on phase space in the sense 

of Eq. (7.9), {Tt}teR the strongly continuous one-parameter group of norm- 
automorphisms ofTs{7i) corresponding to some Hamiltonian H according to 
Eq. (3.9), and Z its infinitesimal generator which is given by Eq. (3.11). 
Then 

t^pt-.^ Stp := frtf-^p 
where t ^H, p & TK{H), and T~\ R{T) — > Ts{7{), satisfies the equation 

Pt = Lpt , (7.41) 

provided that in addition p G D{L) = TD{Z) holds; the operator L is given 
by L — TZT~^ , and the derivative pt can be taken with respect to the norm 
in Ll,{B?'',d''qd''p). 

For L we obtain, by Eqs. (3.11) and (7.9), the representation 
(Lp)(g,p) = — ^tr(W-l^//)a,p = -^ImtrWa,^ (7.42) 
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where p G TK{rL) n D{L) = T{K{n) n D{Z)) and p = TW. However, the 
last term of (7.42) has possibly only a formal meaning since, according to 
(3.11), HW — WH can be extended to a trace-class operator on H, but not 
necessarily HW and WH. In the special case that p e D(L) corresponds to a 
pure state W = = ip ETi, \\'>p\\ = 1, a rigorous meaning of the last 

term of (7.42) is guaranteed. The condition W = E D{Z) is equivalent to 
tjj G D{H), as is easily seen. Moreover, for G D{H), HP^ and P^H can be 
considered as trace-class operators. Hence, for p = TP^ G D{L), Eq. (7.42) 
reads 

—i 
(2^ 

^ ' (7.43) 



(27r) 



2 

Im (aqpiplHi/j) . 



N 



If, in particular, the classical representation T is induced by a := 
u eH, \\u\\ = 1, (7.42) becomes 



{Lp){q,p) = -^{u,,\{HW-WH)u,,) 
2 

- J^lm{Ugp\HWUgp) 



(7.44) 



(27r) 



and (7.43) 



2 

(2?^) (7.45) 
= 21m{{VHV-^-^){q,p)-^{q,p)) 

where V and ^ are defined by Eq. (6.1). Again, the last term of (7.44) does 
not necessarily make sense, whereas Eq. (7.45) is completely rigorous. 

In order to derive a partial differential equation from (7.41), we need a 
representation for L that is more explicit than (7.42) ~ (7.45). Such represen- 
tations were derived for concrete Hamiltonians by S. T. Ali and E. Prugovecki 
(1977c; E. Prugovecki, 1978, 1984) on a nonrigorous level. We consider only 
a particular case which, adopting some ideas of S. T. Ali and E. Prugovecki, 
we treat rigorously. This particular case is again the one-dimensional har- 
monic oscillator where T is induced by a := \u'^){u'^\ with u'' according to 
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(6.19). For our procedure, the next proposition is useful which sharpens the 
vahdity of Eqs. (6.26) and (6.27). 



Proposition 7.10 Let, for N — 1 and a function u e 5'(c(]El) of norm 1, 
V be the isometry given by Eq. (6.1). Then the Hamiltonian VHY'^ of 

the harmonic oscillator in phase-space representation acts as the differential 
operator (6.26) on the entire domain VD{H). In the case u := according 
to (6.19), a second representation ofVHV~^ on its entire domain VD{H) 
is given by Eq. (6.27). 

Proof: For e VD{H) and ip := V'^'if, we have 
{VHV-'^){q,p) = {VH^){q,p) = -^{Hug,\i;) 



1 f 1 1 dp' TnuS^ \ 

+ —^X^ Uqp{x)'^{x)dx 




mu)"^ d"^ . p d p"^ \ / N , / N , 

+ Z — — + — Uqp{x)lp[x)dx 



2m dq^ 2 dp"^ mdq 2m ^ 
1 mu^ p d P^ \ ^ \ , 



2 dp^ mdq 2m 



where Theorem 6.3 has been used. Hence, we have proved the first statement 
of the proposition. From this the second one follows by means of Eq. (6.23). 

□ 

The proof of the proposition is analogous to the proof of Proposition 6.5. 
We emphasize once more that Proposition 7.10 extends the validity of Eqs. 
(6.26) and (6.27) for ^ G V{D{Q^) n D{P'^)) to ^ e VD{H). 

Now, we come back to Eq. (7.45) where u = , H is the Hamiltonian 
of the harmonic oscillator, and p = TP^ with -0 e D{H). Taking account of 
Proposition 7.10 and inserting (6.27) into (7.45), we obtain 



Lp = 2Im((\/W"i^)*) 



2Im 




— + 2ma;V^ — ^ + 2muj^a^q p\ — \m 

oq^ \ m J oq 
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Using Eq. (6.23), it follows that 



p d"^— ( 1 ( d'^ \ — \ 

Lp = -2— Re— ^ + 4ma;V^gIm — oi^^ g^H' 

m oq \2a^ \ op J J 

+ 2 h 2ma;V^ Im — i—— - q- ^ ^ 



2m / y2cr2 y dq 

-2— Re — * + 2ma;^gRe — * 

2 [- ^ mw^aA Im ^ ^2(7^^^ i^^' 

V 4m(T^ / \ dqdp dq \ dq dp ^ 

-2— Re — * + 2ma;2gRe — * 
m oq op 

+ 2 + ma;V^ Re -— + . 



Ama"^ ) \dqdp dq dp J 

According to (7.16) and Theorem 6.3, p = fP^ = e C^{R^) holds 
which implies 

dq dq 

dp d-^- 
/-2Re— * , 
dp dp 



and 



Hence, 



(9V _2Re(^^^^^ 
dqdp \ dqdp dq dp . 



f P dp 2 9p f 1 ^ 2 2A /V 

Lp^ -^ + ^^ (1^+ {--A ^ + ma;o- \^-^ (7.46) 

where p e -0(1/) is of the form p — TP^. 

One might try to conclude the validity of Eq. (7.46) for arbitrary p e 
D(L) n TK{T-C) from its validity for p = TP^ G D{L). However, there are 
some difficulties. If p = TW — J2i o^ipi with W = J2i c^Pxi ^ K{T-L), ai > 0, 
\\Xi\\ = 1) and pi := TP,;-, is an infinite sum, it converges in L^'^-norm and, 
as a consequence of the monotone convergence theorem, also pointwise a.e.; 
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moreover, since the functions pi are bounded by X^i (^iPi converges even 
uniformly. Furthermore, the functions pi are infinitely differentiable and p is 
continuous. Because of Eq. (6.14), the partial derivatives of pi need not be 
bounded; thus Z^jOij^, for instance, need not converge uniformly. Hence, 
in view of these arguments, we can neither conclude that p = J2i c^Pi can 
be differentiated term by term nor that it is a differentiable function at all. 
This is one of two difficulties in the derivation of (7.46) for a general p. The 
other one is that, for p — TW e D{L) f] TKiTi), we do not know whether 
there exists a representation W — J^iOaPxi 'with pi — TP^^^ e D{L), i.e. 
Xi e D{H). 

On the level of formal calculations, however, we have shown by (7.46) 
that 

Lp = -{H, p} + (--1- + mu;'aA ^ (7.47) 



Ama^ J dqdp 

holds for all p G D{L) where H here is the classical Hamiltonian and { • , • } 
the Poisson bracket. Eq. (7.41) now yields 

where the time derivative is understood in L^-norm. It is suggestive to replace 
the derivative pt by the usual derivative ^ which is performed pointwise for 
every {q,p). Eq. (7.48) then reads 

dpt rrj , , f 1 , 2 2\ 9'^Pt 



dqdp 



which is the classical Liouville equation with a correction term. Again, for 
a — J , i.e., a u"' coincides with the ground state of the harmonic oscilla- 
tor, the correction term vanishes (cf. Eqs. (6.27) and (7.36)), and 1 1— > pt is a 
solution of the classical Liouville equation 

^ = -{H,pt}. (7.49) 

For this result there is another, rigorous proof. That proof is prepared by 
the following lemma which states a result of elementary quantum mechanics. 
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Lemma 7.11 Let H be the Hamiltonian of the one- dimensional harmonic 
oscillator and a = ,^ . Then 

holds where {qt,Pt) '■= ^t{<l,P) CLnd {^t}t&M. is the classical Hamiltonian flow 
of the harmonic oscillator. 

Proof: From 

oo 
n=0 

and Eq. (6.46) we obtain 

n=o vn! 

°o I i2 -^n 

— g » 2 '^e 2 2^ e 2 e 2 



n=0 Vn! 
where {qt,Pt) = ^t{q,p) and 



2;^ := 6 2; = -(cosa;t + i sin cut) 2iap 

2 \a 



- ( —{q cos cut + 2a^p sin cut) — 2ia{p cos cut ^ sin 

2 \(T 2(7 

~ f ~ (9 COS a;t H — ^ sin a;t) — 2ia(p cos — mcuq sin a;t)^ 
2 Vo" ma; / 



Hence, 



n=0 

— p^ilP-QtPt-ujt) a 



□ 



The proposition now presents our rigorous results on the exphcit form of 
the operator L, respectively, Eq. (7.41) as well as on Eq. (7.49). 
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Proposition 7.12 Let, for N = 1, T be the classical representation induced 
by the coherent state u'^ , a > and let H be the Hamiltonian of the harmonic 
oscillator. Then the following statements are valid: 

(a) If W & K{l-C) is a finite convex linear combination of pure states 
with i/j e D{H), then p = fW e D{L) n C^{Ii^) and Lp is given 
by Eq. (747). Moreover, pt := fnf-^p e D{L) n Cg'(]El^) for all 
i e R; and t ^ pt is a solution of Eq. (7.48) where pt is understood in 
L^-norm. 

(b) V<^-;;^,then 

Pt^frtf-^p^po^-^ 
holds for every p e TK{Tl) and 

for every p e Ti^(7Y) nC^(R^) where ^ is the usual partial derivative 
and H the classical Hamiltonian. 

Proof: For W = witli 'ip e D{H) or, equivalently, p = fP^ e D{L), 
Eq. (7.47) has been derived rigorously; in particular, p — e C^(R^). 
From Pt = frtP^ = fP^^ with := e''"*^ e D{H) it follows that pt G 
D{L) n C^(]El^) and 

1 , 2 2\ d'^Pt 



pt = Lpt = -{H, Pt) + (-^^^ + muj'^a 



dqdp 



i.e. Eq. (7.48). Clearly, these statements on p and pt are also vahd if is a 
finite convex linear combination of pure states P^ with ip e D{H). 

Lemma 7.11 implies for a — /^moj every p — TW e TK{l-i) that 



pM,p) = {TnT ^p){q,p) 



2n 

{fW){<^_t{q,p)) 
p(*t"'(?,P)) , 
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i.e., pt = p o ■ If P is sufficiently differentiable, we obtain furthermore, 
differentiating pt o = p with respect to time and using Hamilton's equa- 
tions,^ = -{H,pt}. □ 

The two parts of the proposition were proved independently of each other. 
If (J = and p e fK{n) n D{L) n C^(]R^), we have 

Pt = Lpt 

as well as 

However, we have not proved that Lp = —{H,p} and Pt = ^ hold for 
all p e TK{H) n D{L) n C^(R^). The concluding corollary presents some 
information on this problem. 

Corollary 7.13 If a = and W = J2i=i aj^^/-, with ai > 0, J2i=i Oii = I, 

llV^ill = 1, and G D{H), then p = fw e fK{H) H D{L) n C^(]R^), 
Lp = -{H, p}, and Pt = ^ for all t eR. 

Proof: In view of part (a) of Proposition 7.12 and specially of Eq. (7.47), 
one only has to show Pt = In fact, taking account of part (b) of the 
proposition, we obtain 

dpt 



Pt = Lpt = -{H,pt} = 



□ 



It may be that all probability densities p G D{L) are infinitely dif- 
ferentiable, i.e., fK{n) n D{L) n C^(]R^) = fK{n) n D{L). The set 
fK{n)nCS{R^), however, is properly larger than fK(7i)nD(L)nC^(R^), 
as the example ip ^ D{H), = 1, p :— TP^ = I^P shows. Moreover, since 
p ^ D(L), Ptlf^Q does not exist, but, since p G C^(lEl^), ^ does. Hence, 

there are cases in which the time derivatives pt and ^ do not coincide. 

Summarizing, we have shown by Theorem 7.9 that quantum dynamics 
can always be reformulated on phase space, and we have demonstrated by 
the particular example of the harmonic oscillator that the corresponding 
equations of motion are related to the classical Liouville equation. 
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